SYMPLECTIC VIRTUAL LOCALIZATION OF 
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Abstract. We show that moduU spaces of stable maps admits virtual orbifold 
structure. The symplectic version of virtual localization formula is obtained. 



Given a compact closed symplectic manifold (M^",^) and an w-tames almost 
complex structure J, one can define the celebrated Gromov-Witten invariants us- 
ing the moduli spaces of J-holomorphic curves. Such invariants were first dis- 
covered by Ruan-Tian on monotone manifolds ( f8 ), then later defined on general 
manifolds independently by several different groups Fukaya-Ono(!H!), Li-Tian(fT^), 
Liu-Tian(2S|), Ruan([TB]') and etc. The break-through tool for their works is now 
well-known as virtual techniques. On the other hand, the algebraic version of the 
theory was first given by Li-Tian(jf 21). 

Since the theory of Gromov-Witten invariants is set up, the computation of in- 
variants has been one of the main issue of this area. One of the main tools of 
the computation is the localization technique. If the symplectic manifold admits 
a torus action, the action can be induced on the moduli spaces of J-holomorphic 
curves. Since the invariants are obtained via "integration" on the moduli spaces, 
Kontsevich observed that one may apply the Atiyah-Bott localization formula for 
computationf llUp. To fulfill such an idea, we need to combine the Atiyah-Bott 
localization formula with virtual techniques. We call such a combination as the vir- 
tual localization. This has been done for algebraic varieties (j^)- But such a formula 
has not been set-up in symplectic category. Our main goal of this paper is to prove 
a virtual localization formula on general symplectic manifolds. We remark that in 
this paper the group can act on the symplectic manifold as symplectomorphisms 
other than just Hamiltonian ones. 

The ingredients of proving such a virtual localization formula are: (1), a modi- 
fied gluing theory which provides smooth structures on moduli spaces, (2), virtual 
manifolds/orbifolds and (equivariant) integration theory on them. The abstract 
theory of virtual manifold/orbifolds has been established in jQ. In this paper, we 
mainly explain how to obtain smooth structures on moduli spaces via the gluing 
theory, and then generalize it to virtual moduli spaces accordingly. 

The paper is organized as following: in Part I, we introduce some preliminary 
materials that is needed to understand the moduli spaces; in Part II, we describe 
the moduli spaces of the stable maps; in Part III we explain the full package of the 
gluing theory that provides a smooth structure on the moduli spaces; in the part 
IV, we develop the virtual theory on the moduli spaces and localization formula, 
at the end, as an application, we compute an example. 

Acknowledge. The idea of this paper and that of was emerged 4 years ago. 
The drafts of papers have been written for quite a while, by some reason, they have 
not been completed until recently. First of all, special thanks to Y. Ruan and G. 



1 



2 



BOHUI CHEN AND AN-MIN LI 



Tian for their long time support on this project. During this long term preparation 
of papers, we would like to thank many people's encouragement and discussion. 
The list includes G. Liu, K. Liu, M. Liu, W. Zhang, G. Zhao, Q. Zheng and etc. 
The material of the paper was explained as lectures in University of Wisconsin- 
Madison, Peking University. We would like to thank their hospitality. We would 
also like to W. Li, Y. Long and J. Robbin for their interests in the lectures. 

Part I. Preliminary 

1. Complex structures on 

1.1. Complex structures on R^. A complex structure j on is a linear auto- 
morphism of with j'^ = —1. It induces an orientation o{j) on M? given by vAjv 
for any 7^ u € M^. Now fix an orientation or on M?. Set 

Jor{M.') = {j\f = -l,o{j) = or}. 

Fix a complex structure jo S Jor(]R^)- With a proper chosen basis, we may write 
jo in terms of matrix as 

•^ ^ " ( 1 ) ■ 

{M.'^jjo) can be identified with a complex plane {C,z) via 

(?io : ^ C; 

z = (l)o{x,y) ^ X + yV^- 

Let GL+(2,R) < GL{2,R) be the subgroup that preseres or. GL+(2,K) acts 
transitively on Jor(K^) via 

Via identification cpo, GL{1,C) is embedded in GL+(2, M) as a subgroup. Then 
Lemma 1.1. Jor{M.'^) = GL+{2,R)/GL{1,C)- 

Proof. Since the isotropic group of the (jL+(2, M) at jo is GL{1, C), the lemma 
follows, q.e.d. 

1.2. Beltrami coefficients. Let / : (C, — > {C,w) be a linear isomorphism 
between two complex planes. Suppose 

w = f{z) = az + (3z. 

Then 

(1.1) fif=a-'p. 

is called the Beltrami coefficient of / with respect to coordinates z and w. 

Suppose that we change the coordinate of w-plane to w-plane by w = -yw, 7 € C. 
/ is transformed to 

f ■.{C,z)^{C,w)^{C,w). 

We find 

M/ = M/- 

This says that Hf is independent of the coordinate choice of w-plane. 
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Now Suppose that we change the coordinate of z-plane to z-plane by z 
7~^2:, 7 e C. Then / is transformed to 



We have 



/:(C,5)^(C,^)^(C,t«). 
7 



This implies that 

„s dz 
(1.2) ''^=^^Tz 

is invariant on the first plane, is an (—1, l)-form on ^-plane. We call it is the 

Beltrami form of /. 

Given a complex structure j G J or (K^ ) and an identification 

</.:(R2,j)^(C,H, 
The identity map on 'S? induces a map Aj via the diagram 

o 

iC,z) ^ iCw). 
We define 

II : Jor-(R^) ^ C; 

This map is well defined since depends on t^o, but not on (j). 

Proposition 1.2. fi is injective and Image{fi.) = D, the unit disk in C. 

Proof. Since id (or Aj) is orientation preserving map, one can check that 
|/x(j)| < 1. Ifence Image{ij) C D. 

H is injective: Suppose /u(ii) = A*(i2)- We have diagram 

A,, : iCz) ^ iCw,) ^ {C,W2), 

where /12 is defined by the equation. Suppose 

W2 = /i2(wi) = awi + pwi. 

Then one can check directly that 

A*(ii) = Kh) ^13 = 0. 

This says that /12 is holomorphic, and so ji = j2- 

Image{ii) ~ D: let 7 be any complex number in D, we solve j such that jxi^j) = 7. 
Suppose j = g^^jo9- Then we have A~^ defined by 

(R2,j) ^ (R^Jo) 



(C,H ^ (C,z). 
By the definition of g, Ag is holomorphic. Furthermore 

cPogcp-' =AgoAT^ :{C,z)^{C,z). 
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Hence, 
Suppose 

a b 



9 = 



c d 



and 7 = a + /?\/— T. Then 

, 1, , ,a + d c~b I — ,a—d b + c , — 

Now set 

a = l+a, d=l — a, 6 = c = /3. 
We see that det((/) = 1 - - /^^ > 0, which says that 5 e GL+(2,M), and 

This solves = 7. q.c.d. 

1.3. A Universal family of Jor(R^). We combine the result of previous two 
subsections: 

GL+(2,M)/GL(1,C) S Jo^(M2) ^ B. 

The second isomorphism is given by /i and /x(io) = 0. The next proposition says 
that there exists a canonical section a (with respect to jo) for the principle bundle 

GL(1,C) ^ GL+(2,M2) 



Proposition 1.3. (7(7) = 1 - jjo for [lij) = 7. 

Proof. Clearly j(j{'f) = (j{'y)jo- It remains to show that £7(7) G GL+(2,M). 
Suppose j = gjog~^, where 

a 6 



5 = 



c (i 



Without loss of generality, we assume that det(5) = 1. Then 

ac + bd —a^ - 6^ 



^ \^+d^ -ac - bd 

and 

. . / 1 + + 6^ ac + bd 

ac + bd 1 + c2 + d2 

Using the fact ad — bc= 1, we have det(l — jjo) > 0. q.c.d. 

Let 7?. be a tautological family of with complex structure parameterized by 
D{= Jor(K^)): namely, we have 

t:n= {D xM.'^,J) ^ D, 

where J is the fiber-wise complex structure such that 

J|,-i^=M-'(7)- 

Proposition 1.4. There is a canonical trivialization with respect to jo 
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Proof. We set $o fiber-wisely as 

a(7) :7X (K2,jo)^r-i(7). 

q.e.d. 

2. TeICHMULLER SPACES 

2.1. Complex structures on Sg. Let S be an oriented genus-i? surface with 
orientation or{g). A complex structure j on E is a family of complex structures on 

^ T^S parameterized by x € S. A complex structure j induces an orientation 
o(j) on S. Set 

J(E) = {jHj) = or{g)} 

to be the set of complex structures on S that is compatible with the given orienta- 
tion or{g). 

Now fix a point jo G J{^)- Let jo) denote the space of (—1, l)-forms on 

Riemann surface (S, jo)- A (—1, l)-forni is locally expressed in the form f{z)dz/dz 
in terms of local complex coordinate (C,z). For any j € ^(S), it yields Beltrami 
coefficients fi{j{x)) point- wisely, which gives a (— l,l)-form, denoted by tOj, on S. 
Set 

Here \\lu\\ — max^: |/(x)| for uj = f{x)dz/dz. Then by proposition II. 21 we have 

Proposition 2.1. j ujj gives an isomorphism J(S) = Bn^^'^{T,, jo). Moreover 
Wj„ = 0. 

Conversely, given a form co e Bn^^'^{^, jo), we denote the corresponding com- 
plex structure by jui ■ 

2.2. Teichmuller spaces Tg. Here we give an informal review of TechmuUer spaces 

Tq consists of only one element, i.e, the standard sphere S"^ = C U {oo}. 
7i H, the upper half plane of C. Given A G H, we define a lattice 

L\ = {to + nX\m, n G Z}; 

then the corresponding torus is 

C 

For g > 2, define 

^ j(s) _ i?ri-i>^(E,jo) 
' Dtff+{j:) Diff+{^) 

Here Dif Jq (Yj) is the component of or((7)-preserving-diffeomorphism group Diff^CS) 
that contains 1. A classical theory on Teichmuller spaces says that the quotient 

Bn~^'^j:,jo) 

has a global slice. Let _ff~-'^'-'^(S, jo) C jo) denote the space of holomorphic 

forms and set 

BH{jo) = Bn-^\ii,jo) n Jo). 

Then 
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BH{jo). 



Theorem 2.2. 

This theorem says that BH{jo) is a global slice of the quotient. By the Riemann- 
Roch theorem, we know that BH{jo) is a 6g — 6 dimensional ball. 

Corollary 2.3. dimTg = 65 - 6,5 > 2. 

We can also consider 7g,m, the TeichmuUer space of genus g Riemann surfaces 
with m marked points. We give a complete list. 
= {(S'2,cx))}; 
ro.2 = {(52,0,00)}; 

ro.3- {(52,0,1,00)}; 

To^r„ = To,3 X ((52-{0,l,oo})'"-3- A),m>3; 

7i,i = Ti X {[0]}, here G C and [0] denote the point in tori; 

Ti.rn = Ti.i X ((T, - [0])™-i - A), m > 1 (refer this to unii in ^T^ : 

rg,,,=Tg-X (S™- A). 

In the first three terms, is identified with C U {00}; A is the big diagonal of the 
product X™. 

2.3. Universal curves. By a universal curve, we mean a fibration 

such that for j e 7^^^ the fiber tt^^^Q) is the marked curve j. We show the existence 
of unig,™. 

Case 1, g = 0. Then 

miio = unio,o = 52;unio,i = (5^,00); 
miio^2 = (52, 0, 00); unio,3 = (5^, 0, 1, 00) 

and 

unio,™ = unio,3 x {{S^ - {0, 1,00})™-^ _ A),m > 3. 
Case 2, g = 1. We first construct unii. Define an Z x Z action on H x C by 

(m, n) ■ (A, z) — (A, z + m + nX). 

Then 

■ 

unii = ^ M 

Z X Z 

is the universal curve. 

unii can be topological trivialized to be H x Ti, i = \/— T: define an Z x Z action 
on H X C by 

(to, n) ■ (A, z) = (A, z + TO + nV— 1). 

Define the map 

$:HxC^HxC 
|.(A,z) = (A,0a(^)), 

where : C — *■ C is the linear map determined by 4>\{1) = 1, 4>\{^/~l) — A. Then 
the map is Z x Z-equi variant. So $ induces an isomorphism 

$ : H X ^ unii. 
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In particular $(A, [0]) = (A, [0]). We always assume unii = M x Ti from now on. 
Then 

unii,i = unii x {[0]}; 

unii,„ = unii,i X {{Ti - {[O]})™"! - A),m > 1. 
Case 3, g>2. We set unig topologically to be 

Unig = Tg X Hg = BH X Eg 

and the complex structure on the fiber over w G BH to be ju>- This gives unig, g > 2. 
Then set 

unig^TO = unig x (S™ - A). 

We conclude that 

Theorem 2.4. The universal curve w : unig^^ — > Tg^m exists. 

3. Moduli space Mg^m 
3.1. Definitions. By definition, 



Diff^{^, 



gJ 



M. 



g 



The group Tg = Diff'^{T,g)/DiffQ{T,g) is called the mapping class group. Then 

Similarly, one can define Mg^rn, the moduli space of genus-^ curve with m-marked 
points. 

When .9 < 1, Mg_m = ^,m- When g > 2, Mg^m are orbifolds. We give local 
descriptions for these orbifolds. 

We recall some notions of orbifold. Let X be an orbifold. For any x G X, there 
exists a neighborhood Ux of x such that it is homcomorphic to MJ^/Gx for some 
finite group Gx. The formal notion for these data is the so-called uniformization 
system {V,Gx,(p). here ^ is a smooth manifold (usually is diffeomorphic to R"), 
Gx acts smoothly on V and 

cp-.V^ V/Gx ^ Ux. 

Gx is called the isotropic group of x. Clearly, such a uniformization system describes 
the local of x. 
Let 

(3.1) jo = (S, Jo, Xol, • . • , Xom) € Mg^jn. 

We give a uniformization system for jo- The isotropic group at jo is Aut(jo), the 
automorphism group of jo- By an automorphism of jo, we mean a bi-holomorphic 
maps of (S, jo) preserving XokS. Recall that 

Tg,„ = BH{jo) X (S™ - A). 

Aut(jo) acts on this space naturally as 

a - {w,yi,...,ym) = (c7*(w), (7(2/1), cr(y„j)). 
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Then there exists a smah Aut(jo)-invariant neighborhood O of jo such that (O, Aut(jo), tt) 
is a uniformization system for jo- 

Moreover, Aut(jo) acts on unig^m similarly. Hence 



(3-2) . ^ 

gives a universal curve for the neighborhood of jo in AIg^„i- 

3.2. Hyperbolic metrics. A curve in Mg^m is called stable if and only if 2g + 
m > 3. Let jo G "T^.m be a stable curve given as (|3.1|l . We may assign it a 
hyperbolic metric. This is done as following: since 2g+m > 3, the punctured surface 
(S — {xoi, ■ ■ ■ ,Xom},jo) admits a universal covering HI such that the punctured 
surface is H/F for some Fuchsian group F. The hyperbolic metric on H induces a 
hyperbolic metric on this punctured Ricmann surface. 

Furthermore the neighborhood of Xoi in S has a nice description. Let 

H>i = {x + yV^ e M\y > 1}. 
Then there exists a neighborhood of Xoi (punctured at Xoi) that is identified with 

H>i 



We call the area the horocycle at Xoi- This area can be identified with the punctured 
disk B*{1) up to a rotation induced by: 

f{z) — cexp(27riz), c = cxp(27r). 

From now on, by horocycle, we always refer it as B*{1). We note that Aut(jo) acts 
on B*{1) as rotations. 

We deform the hyperbolic metric to be a local-flat metric such that it is flat 
in B*{.5) and is rotational invariant in B*{1). So this new metric is still Aut(jo)- 
invariant. We now assign the local-flat metrics fiber-wisely to unig.m. We denote 
the family metric to be h and the metric on the fiber over j as /ij . Then 

Proposition 3.1. Let j e 7^_„i, cr G Ant (jo). Then 

Proof. We may assign hyperbolic metrics h] on each curve 7r~^(j) and get a 
family metric h. By the property of hyperbolic metrics, 
(3.3) ha,) ~ (J^hj. 

Moreover, a preserves horocycles: it maps horocycle of j to CT*j and behaves as 
rotations on B*{1). Hence, (|3.3I) is still true for h. q.e.d. 

We always assume that unig.m carries such a family of metric /i if 2g + m > 3. 

3.3. Local trivialization of universal curves. Recall that the local universal 
curve of jo E ^Ig^m is given in the form (|3.2I) . Topologically, the fiber is diffeomor- 
phic to (E, Xoi, . . . , Xom), or S — {xoi, . . . , Xom} if we use the language of puncture 
curves. We now give a trivialization of unig^mlo when to > 1. 

Proposition 3.2. There exists a smooth map 

: O X S ^ E 

such that 
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(1) for any ) e O with 

(p{j, *) : S ^ S zs diffeomorphic and <p{xok) = Xj.,1 < k < m; 

(2) <jf>0,*) is holomorphic in small neighborhoods of Xok o,s a map 

00,*) : (S,io) (S, j); 

(3) (/> is Kut(jo)-equivariant in the sense 

(t>{a ■],(t{z)) = cr(0O,z)). 

Proof. We explain for the case that g > 2. For 17 = 0, 1, the proof is simpler, 
we leave it to readers. For simplicity, we assume that m = 1. We have horocycles 
on jo and j given by 

and 

Cr-B*{i)^i:-{x,}. 

As xi is close to Xoi, we may assume that xi G Q^{B{.75)) and 

Cj„(S(.75))cCj(S(l)). 
Set x[ = Ci^Hxi). Wc define a map (p; : B{.75) B{.7b) by 

{z-x[, if |z| < .25; 

z, if \z\>.5; 

rj{\Cj{zmz-x') + {l-v{\Qiz)\))z, else 

Here r]{t) is a cut-off function that is 1 when t < .25 and is when t > .5. We now 
set 

on (j{B{l)) and extended it over E by identity. 

Conclusion (1) and (2) is obvious from the construction. It is well known that 
the horocycle Q depends smoothly with respect to j, hence (p is smooth. 

We now explain (3). It is clear that 

Also note that a is a rotation in the unit disk. Then (3) can be verified directly, 
q.e.d. 

We can now use (j) to trivialize the universal curve over the neighborhood of jo. 
Define 

(3.4) : O X jo ^ unig,„|o 

by 

$j„(j,E)=0(j,E). 

In fact, claim (1) in the proposition already serves the purpose. Claim (3) implies 
that the trivialization is Aut(jo) equivariant. Claim (2) is an additional property 
that is needed later. 
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4. DELIGNE MUMFORD moduli space Mg^ra 

4.1. Stable nodal curves. Let Mg^m be the Deligne-Mumford compactification of 
Mg^m- We call it Deligne-Mumford moduli space. This is a stratified space. The 
lower strata of Alg^n consists of equivalence classes of stable nodal curves. A nodal 
curve is a connected curve 

c 

(S, j) = U (Sfc, jfe), j = (jl, ■ • ■ ,jc), 

fc=l 

with normal crossing singularities 

Sing(S) = {yi, . . .,ys}- 

We call these yi,l < i < s the nodal points of S. A marked point on S is a point 
X e E — Sing(E) Suppose we have m-marked points {xi, . . . , Xm}- Let 

(4.1) ) = {j:,j,xi,...,xm) 

be a nodal curve with m-marked points. 
Set 

(4.2) I?:{l,...,m}^{l,...,c} 

to be the map that assigns marked point Xi to component S£)(j). For each y £ 
Sing(S), it is contained in two components Sci and Sc2- Here ci may equal to C2. 
We define the set comp(j/) = {ci, C2} (or, comp(?/) — {ci} if ci = C2). 
Each component of this curve is 

jfe = (Sfc, jfc,{xJjg£,-i(fc),Sing(E) n Sfc). 

This is an one-component-curve maybe with nodal points. The nodal points are 
come from those singular j/'s with comp(y) = {fc}. Such a component admits a 
normalization O^(jfc)- Then the normalization of j is defined to be the disjoint union 

c 

^0) :=Il^(ifc)- 

k=l 

Recovering j from 01(j) is standard. It is given by a proper quotient map 

TT : ^n(j) ^ ^(j)/ j. 
Definition 4.1. j is stable if^{jk) is stable for each k. 
Two curves 

j = {T,,j,xi, . . .,Xjn) and j' = {J:',]',x[, . . .,x'^) 

are equivalent if there exists a homeomorphism ; S ^ S' such that cr(xi) = x\ 
and the natural induced map OT(cr) : 01(j) — > DT(j') is bi-holomorphic. 

4.2. Data of stratum. Let j be an m-marked stable nodal curve given by H4.1|l . 
We assign the following conibinatoric data to this curve: 

(1) a (weighted) connected graph (with tails) T (refer to item-2 for "weighted" 
and item-3 for "tail"): Let V and E be the set of vertices and edges of T 
respectively, then each k G V stands for a component and n G E stands 
for a nodal point y„ € Sing(E); 
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(2) the genus gk of Sfc for each k E V:gk is the weight of k that is mentioned 
in item-1; the data of genus is denoted by 

3 = (gi, ■ ■ ■,9c)- 

Set 

k 

(4.3) g = (?(r) :=^gfe+ranki/i(r); 

(3) a map 

i^:{l,...,m}^{l,...,c} 
mentioned in 1)4. 2|) : for each 1 < j < m we assign it a tail, that is, for 
D{j) — k we add j-th tail to vertex k. 

We denote the data hy S — {T,D,q) and call it a stratum data in Mg^m- Such a 
data is called stable if for each vertex k, 

2gk + val(fc) > 3. 

Here val(fc) is the valency of vertex k (Tails are counted for valency). It is easy to 
check that 

Claim 4.2. j is stable if the data S given by j is stable. 
On the other hand. 

Definition 4.3. The genus of) is defined to be g — g{T). ) is called a stable 
{g, m)- curve. 

We define Mg^m to be the set of equivalence classes of stable {g, TO)-curves. This 
space admits a natural stratification given by data S"s: let S = (T, D, q) be a stable 
data with g = g{T), we define the stratum Mg C Mg^m to be the set of curves that 
give data S. The topology of Mg ,n is not clear at the moment. However this 
is studied intensively ([?]). It is well known that Mg^m is a smooth orbifold of 
dimension 6g — 6 + 2m if 2g + m > 3. 

In the rest of the section. We describe the strata and their neighborhoods in 
Mg^rri more carefully. 

4.3. Some facts of data S. Let S* be a (stable) stratum data. There is an auto- 
morphism group Aut(5) of S defined as following 

Definition 4.4. We say 7 e Aut(5') if j : T T is a graph automorphism 
preserving weights and tails. Be precise, it induces isomorphisms j : V V and 
J : E ^ E such that 

j{e{ki,k2)) ^ e(7(A:i),7(fc2)) 

and 

9j{k)^9k, D{j) ^ j{D{j)). 
Let Pg.m be the set of stable stratum data. It can be shown that 
Lemma 4.5. |2?g,m| < 00. 

We skip the proof. The stability is crucial for the lemma. 

For the set "Dg^m we can assign a partial order ^. Let S — (T, D, g) be a data. 
Let e = e{v,w) be an edge of T. We can define a new data 5" by the following 
modifications on S: 
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• a new graph T' is obtained by (i) erasing edge e, (ii) identifying vertices v 
and w and denote the new vertex by w'; 

• g^i is defined to be 

9v'=9{T)- 9k - rankH^T'); 

• D'{i) = v' if D{i) = V 01 w. The attaching vertices of tails are changed 
properly by new D'. 

By this way, we say that S' is a contraction of S at edge e. We write S' = S{e). 
Similarly, we can define the contraction S' = S{ei, . . . , ej) of 5 at edge ei, . . . , e;. 
Now, we say that S ^ S' it S' is a contraction of S. This induces a partial order 
on the strata of Mg_rn- In fact, this is compatible with what we mean by "lower": 
Ms is lower than Ms' if and only \i S ^ S' . 

Let T be the simplest graph that consists of 1 vertice and no edge. It defines an 
S'o and the stratum is just Ms^ = Mg^m- 

4.4. Strata Ms- Let j e Ms- The notions for j (cf. iglTl) and S are same as 
before. Recall that we have normalizations 01(j) and Ol(jfe), with 

7r:^0)^j. 

We write 

These two maps are different! For tt the variable is a point on Riemann surface, 
while the variable for Trg is a curve ^{)). Suppose 

(4.4) Ol(jfc) = {t.k,ik,Xki, ■ ■ ■ ,Xk^^,yki, ■ ■ ■ ,yk,J- 

Here a;'s are marked points on Efc and y's correspond to nodal points. Be precisely, 
we may further assign an edge n = e{y) S E for y that corresponds to the nodal 
point 7r(y) ^ yn- 
Let 

Ts '■— Tg-^,mi+si X • • • X Tg^^rac+Sa- 

This has a universal curve 

■ns ■ unis = unigi,„,+s, x • • • x unig^_m^+s^ Ts. 

Since 7t{)) G Ts, we represent it by TTg^{^{])). 

We are now ready to describe the orbifold structure of Ms at j. The isotropic 
group is Aut(j): Aut(j) is a fibration 

: Aut(j) -> Aut(5) 

and acts on Ts- We explain this. Suppose that D1(j) G is 

Let 7 £ Aut(S'). Then (t)~^{j) is given by the following elements: define : 
N{]k) -> A^(j<T(fe)) such that 

• the map 

Afe : {Y,k,ik) —> (So-(fe), V(fe)) 

is bi-holomorphic; 

• Afc preserves marked points x^'s; 
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• Afe preserves y-set and 

Xkie{y)) ^ a{e{X{y))). 

By this way, we define Aut(j). It acts naturally on the neighborhood of in Tg. 
Let O be an Aut(j)-invariant neighborhood of ^(j). Then (O,Aut(j),0) yields a 
uniformization system of j in Ms via tt^: 

O ^ O/AutO) ^ Ms. 

All these charts form the orbifold A/5. 

As before, Aut(j) also acts on universal curve unig. Hence it induces an universal 
curve over 0/Aut(j): 

^nislo 
AutO) ■ 

On the other hand, by using the trivialization constructed in proposition l3.2l there 
exists a trivialization of the universal curve given by an Aut(j)-equi variant map 

(4.5) $j : O X ^ unislo- 

4.5. Smoothing nodal curves at nodal points. Let j G Ms be a nodal curve. 
For any nodal point y and a complex number p with small radius, we can 
smoothen j at y and get a new curve jy^p. This is what we mean by smoothing. We 
now explain this procedure. 

Without loss of generality, we suppose that 7r~^(y) C OT(j) consists of vi £ Ei 
and V2 G S2 . We treat Vi as marked points on E^ . Since we are only concerned the 
local of Vi. We may assume that E^ are smooth curves. The neighborhood of Vi can 
be canonically identified with balls B{1) up to rotations in z^-planes for i = 1,2: if 
Ei is stable, we refer it as the horocycle at u^; otherwise, Vi is a special point or 
00, on 5^, we then refer the ball to be the semi-sphere containing the point. We 
write the balls (1). Furthermore we have 

:B;(1)^(-oo,0], 

by 

We write the punctured surfaces as 

(4.6) E, - {v,} = Eo» U (-(^, 0], xS\i^l,2. 
The neighborhood of y can be put in C x C as 

(4.7) n{By, (1) U By,{l)) = {z.z^ - 0} n B{1). 
For p e C* we deform (|4.6|l to 

{ziZ2 =p}nB(l). 

The new curve is denoted by 

ja,p ~ (^pi Vi ■ • •)■ 

This smoothing procedure can be described explicitly. Set p = roe'^". Let us focus 
on Bv.{\). The remainder of Egi remains unchanged in the whole process. We cut 
oS^ the cylinder ends of two cylinders at {1.25 logro} x , namely we get 

[1.251ogro,0], X S\ 
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Then we glue two tubes along a sub-tube of length — O.Slogro with a twisted angle 
^0- That is, we identify 

(logro+i,6')i ^ (log ro -t, 61 + 6io)2,te [0.25 log ro, -0.25 log ro]. 

The resultant curve is then jj,.p. 

We note that the plane C of p can be treated as 

(4.8) T,,Ei®r,,E2. 

We denote the space as Cy. Then we just construct a map 

(4.9) gSj -.B.cCy^ Mg^m- 

Here e is any small constant less than 1. 

We remark that gSj is injective if and only if j is stable. 

4.6. Normal bundles of Ms in Mg,m- It is natural to ask the neighborhood of 
j G Ms in Mg.m when S is stable. In particular, this is to ask what is the normal 
direction of Ms- We assume that S is stable. 

Suppose S = {g, T, D). Given a point j e Ms, we define a fiber 

Here E is the set of edges of T. By this, we define an orbifold bundle 

Ls Ms 

In fact, we have 

Ls Ts. 

with fiber Cj. Aut(j) acts naturally on Ls- Locally, the quotient gives the uni- 
formization system for Ls- 

Let O C Ms be a proper open subset. The gluing map described earlier defines 
a neighborhood of O in Mg^m- 

(4.10) gss : Lsjo Mg^m, 

where gSg(j,p) = gSj(/o). Here by Ls^e we mean an e-neighborhood of section. It 
is known that gS5 is injective and locally diff'eomorphic when S is stable. 

Let S' ~ S{ei, . . . , e;). We can similarly define a sub-bundle Ls,s' of Ls by 
requiring the fiber to be 

Ls,S'h= Cy. 

y, e{y) = ej 
1<3<1 

We can then similarly define 

(4.11) gss,s' : L%^s',e\o ^ Ms'. 

Here, by L% g, ^ we mean that the set of points whose all coordinates in fiber 
direction are not zero. For example, by for a vector space ^ = C" we have 

yo = {(2i,...,0„)|z, ^0,|z,|<e}. 

Finally, we remark that the above discussion can be generalized to unstable data S: 
Ls, Ls and gs are still available. The only difference is that gs is neither injective 
nor locally diffeomorphic. But this is important when we consider stable maps. 
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Part II. Moduli spaces Mg,miX,A) 

5. Moduli spaces of stable maps 

We review the fundamental facts of stable maps in this section, such as notations 
of stable maps and related facts ( 8 ). 

5.1. Stable maps without nodal points. Let {X,ui) be a C°° compact, closed 
symplectic manifold of dimension 2n. We choose an oj-tamed almost complex struc- 
ture J on X, i.e, uj{-, J-) is positive. Define a J-compatible Riemannian metric (., .) 

by 

{V, W) i {uj{V, JW) + uj{W, JV)) . 

Fix an element A e H2{M, Z). 

Let j = be a Riemann surface without nodal points. Consider the space 

of smooth maps 

Mapj(X, A) = {it : E ^ X\[u{ll)] = A}. 

Here represents the homology class of u(S). 

Define 

dj,i{u) = -{du + J ■ du ■ j). 
We say that the map u is J-holomorphic if 
(5.1) Bj^u) = 0. 

Let A4j{X, A) c Mapj(X, A) be the space of all J-holomorphic maps. 

We explain Bj^i. Given u e Mapj(X), we have a bundle T*S ® u*TX over E. 
The space of sections of this bundle is denoted by 

End(rE, u*TX) = r(T*E u*TX). 

According to j (g) it* J, it has a decomposition 

End(rE, u*TX) = End^'"(ri], 'u*TX) End^'^TS, w*rX). 

To be consistent with conventions, we set 

n°'^{u*TX) = End"'^(rE,u*TX). 

Now note that du e End{TJ:,u*TX). Then Bj^iU G r2°'^(u*TX) is the (0,1)- 
component of du. 

We summarize that we have a bundle 



with fiber Q?'^ {u*TX) and dj^i is a section of £y Then 



£j -> Mapj(X,A) 
?. 

Mj{X, A) = zero section n Bj^i — {u\B,jsu — 0}. 

We may replace j = (5^:i) by a marked Riemann surface j = (S, j, xi, . . . , a;„i). 
Define 

Let Aut(M,j) be the stabilizer of the action for point u E Mj{X,A). u is called 
stable if |Aut(u,j)| < oo. 
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Remark 5.1. (u,)) is stable if) is stable. For this case, 2g + m> 3 and we call the 
map is pre-stable. Otherwise, it is called pre-unstable. We have four possibilities 
{g, m) = (1, 0), (0, 0), (0, 1) and (0, 2) for pre-unstable maps. 

Proposition 5.2. u is stable if either j is stable or u is not constant. 



We now allow ) varies. Let 7^^™ and Afg^,„ be spaces of curves described in H3.ll 
Define 

Mg,m{X,A)^ ]J M;{X,A). 

Suppose that and {u' ,)') are two maps. We say that they are equivalent if 

there exists an isomorphism a : ) ]' such that u — u' oa. Define the moduli space 
to be 

Xg,,„(X, A)=Mg^„,{X, A)/ ^. 

Roughly speaking, if the section dj^i transverses to the 0-section, Mg^m[X, A) is 
an orbifold. We postpone the complete discussion to §?. Here we describe its local 
structure. Let € Mg^m[X, A). Recall that a neighborhood Oj of j G M.g,m is 
given by 

' AutO)- 

Define 

Mo{X,A) = [] My{X,A) 

and set 

This gives a neighborhood of (u,)). Furthermore, we can choose a neighborhood 
U of in the numerator that is invariant under the action of Aut(M, j). Then 
([/, Aut(u, j), tt) is a uniformization system of 

U ?7/Aut(u,j). 

5.2. Stable maps vifith nodal points. Let j — (E, i,xi, . . . , Xm) be a nodal curve 
(may not be stable). Most of the discussion in §?? still works for unstable curves. 
We still have notions jk, OT(j) and etc. Similarly, we can define data S — {T, D, g). 
Suppose g = g{T). 

Let u : Yj ^ X he a, continuous map such that = A. We say that it is 

holomorphic if each restriction Uk ulj^ lifts to a (J, holomorphic map 

Uk -^k X. 

Here E is the normalization of E. 

Definition 5.3. We say that (m,)) is a {g,m)-stable map i/ (ufe, 9T(jfc)) is stable 
for any k. The space of stable maps is denoted by Mg^miX, A). 

Two stable maps are equivalent, denoted by (u,)) ^ if there exists an 

isomorphism a : j )' such that u — u' o a. Let 

Mg^miX,A)^Mg,m{X,A)/ . 
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The moduli space ^Ag^rn,iX, A) has a similar stratification as that of Mg^m- Let 
S — (T, D, q) be a stratum data of Mg^m- We add an extra data 

to it. Set 

A = Ai^ h Ac. 

We denote the new data to be § = {T, D, q,^). § is a stratum data of stable 
map. Here A^. represents the homology class of Uk- We then define the stratum 
Ms{X, A) C A4g^m{X, A) to be the set that consists of equivalence classes of stable 
maps described above with the property [ukC^k)] = Ak- 

Let V^,^ be the set stratum data of stable map. As before 

Lemma 5.4. < oo. 

We can also define a partial order -< on this set as in The only extra 

information we should add is that 

Ayl = Ay + Ayj . 

By this, we can define -< in V^^. So we can also say that the stratum M^[X^A) 
is lower than Ms'{X,A) if S ^'s'. 

With proper topology([?] [?]), one has 

Theorem 5.5. M.g^m{X,A) is compact. The closure of M^{X,A) is 

Ms{X,A)=Ms{X,A)U H Ms>iX,A). 

Using the local description of Ms, we would like to give a local description for 
Ais{X,A) as well. Let (m,)) be a J-holomorphic map in the stratum. Suppose 
(O, Aut(j), tt) is a uniformization system of a neighborhood O of j in Ms (refer 
notations to ^4.41 Let 



Mo{X,A)= [] My{X,A). 

Then _ 

Mo{X,A) 
Mo{X,A)- ^^^^.^ 

is a neighborhood of in A4s{X,A). As before, we can choose a neighborhood 
U of in the numerator that is invariant under the action of Aut(M,j). Then 
([/, Aut(u, j), tt) is a uniformization system of 

U := ?7/Aut(u,j). 

6. Analytic set-up 

6.1. Analytic set-up for Aij{X,A). Let j £ Mg,,^. We first assume that j is 
stable. Recall that Aif{X,A) is viewed as zeros of section dj^i of bundle £j. In 
order to show the smoothness of Mj{M, A), we need put Sobolev norms on these 
spaces and apply the transversality theorem for Banach manifolds. 

Let p > 2 be an even integer. We denote by xl'^{X,A) the space of continuous 
map u : E ^ M of class W^'P such that — A. We usually simphfy the 

notation to be x]'^- The space xj'^'^ is an infinite dimensional Banach manifold. 
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For any map u G X^'^^ its tangent space is the Banach space W^'P{u*TM) of 
^i.p.yector fields ( along u. The point-wise exponential map 

W^^P{u*TM) ^ M : C ^ exp„ C 

identifies a neighborhood Uu of in W^''p{u*TM) with a neighborhood of u in x]'^- 
We have a coordinate chart (cxp^ W^,, exp~^). Without loss of generality, we assume 
that Uu C W^'P{u*TM) is a neighborhood of u. The tangent bundle is 

Txl'^^xl'", 

a bundle with fiber W'^'P{u*TM). We denote the bundle by JPj. 

Similarly, wc consider bundle £j over x]'^- We put norm on the fiber. Hence 
the fiber over is 

LP{A°'\u*TM)). 
Recall that Bj^i is a section of this bundle. 

Now fix Uo € x]'^{^j We now trivialize £j and .Fj over a small neighborhood 
Uu, of Uo. Wc triviahzc T, first. Let C € PFi'P(u*rM) and u = exp„^ C- Then the 
parallel transformation along path exp^^ 

: W^^P{u*TM) W^^P{u*oTM) 
identifies two fibers. This defines a trivialization 

Txl'%^, =U^o X W^^P{u*oTM). 
Let n°'^ be the projection 

jjo.i . XP(T*S (g) ulTM) LP{A1'\u*TM)). 

Then 

n°'i o P( : LP(A°'^(u*TM)) ^ LP(A°'^(u*TM)) 

yields a trivialization of £j . 

We summarize the data we have: 

• a base space Uu, ; 

• a bundle £j^UuX A°'^(M*rM); 

• a section 9 of the bundle £j ; 

• a tangent bundle JFj . 

Let (u, j) e The linearization of Bj^i at (w, j) is 

Du,j '■ •^j|(M,j) ^ I («,))• 

Be precise, we have 

£>„,j : W^'P{u*oTM) ^ W^'f (u*TM) ^ LP{A°'\u*TM)) ^ LP(A°'^«TM)). 
Explicitly, by ignoring the identifications on the two ends given by trivialization 

DuAO = ^(VC + Jiu^j + V^Jduj) 

Proposition 6.1. The index of Du.j is n{2 — 2g) + 2ci{A). 

This follows from the Riemann-Roch theorem. 

Theorem 6.2. //-D„,j is surjective for all {u,j) G Mj{X,A), Mj{X,A) is a smooth 
orbifold of dimension n(2 — 2g) + 2ci(A). 
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The proof of smoothness is standard ([?]). We wih give the proof in §? using 
our terminology. 

For j is unstable, the treatment is similar. 

6.2. Analytic set-up for Aig^rn{X, A). For the analytic set-up, a general principle 
is to treat Mg^m as a parameter space. By this way, we can give a family version 
of set-up. However, there are some tedious issues. 

Let us first assume m = 0. For this case, there is no essential change except that 
we replace j by Mg^m (or O if we emphasis the locality.) We summarize it: 

• Uu„ is replaced by O x Uu„ ; 

• JFj is replaced hy O x Ty, 

• £y is replaced by the parameterized bundle £q which still can be trivialized 
as O X fj. 

We explain the last statement. The fiber oi Eq over is LP{ky {u*TX)). We 

explain the identification between 

LP{Ky{u*TX)) ^ LP{Al'\ulTX)). 
First the identification between 

LP{A°;\u*TX)) ^ LP{Ap\ulTX)) 
is given by If*^'^ o as before; secondly, the identification between 

LP{Ap\ulTM)) 4-> LP{A^'\ulTM)) 

is induced by proposition II. 41 

Next, we consider m > 0. This case is subtle. On the one hand, we can do 
the trivialization as what we do for m = case. But on the other hand, we 
would like to trivialize bundles £ and J- in a different way. By using proposition 
13.21 we may trivialize families £q and J-q locally. This is necessary when we 
consider lower strata. However, these trivialization causes problems technically at 
the first sight: as it is pointed out in the family with such trivialization are 
not smooth. Namely, we have trivialization for both families £q and J-'q locally. 
But two different trivialization £q and £q, do not patch smoothly. However this 
trouble can be solved by the following observation: first we note that trivialization 
is patched well by restricting on smooth objects; secondly, by the elliptic regularity 
property, all objects we are concerned are smooth. Hence we may always assume 
that £q and J^q are trivialized and study the theory as if they are smooth families. 

Hence, 

Theorem 6.3. If Du,) is surjective for all G Mg^miM,A), Mg^miM,A) is a 
smooth orbifold of dimension n(2 — 2g) + 2ci{A) + 6g ^ 6 + 2m. 

Proof. Here 6g — 6 + 2m is the dimension of parameter space Mg ^n- The 
theorem then follows from theorem 16. 21 

6.3. Analytic set-up for Ai^{X,A). Recall that 

jo • — io: •^ol: ■ ■ ■ 1 •^om)- 

and 

^(jo) = (^0ol),...,^0oc)). 
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Let Sfe be the surface for *n(jofe)- Recall that 

TT : m{]o) jo- 
We define xl^o ) elements 

u := (ui, . . .,Uc),Uk e X^Q^j, 

such that it induces a continuous map u : S — > X, i.e, u o tt = u. To avoid 
the complication of notations, we simply use ^ for xJ^q ) ^^'^ for This 
simplification only causes a little ambiguity at nodal points. When this happens, 
we always refer to the normalization of curves. 

With jo fixed, we still have JFj^ and £^^. Their fibers are given by the foUowings. 
For Uo G Xj its tangent space is 

W''P{u:TM) = {{(:i,...,Ck)\Cv&W''P{<.TM), 

Cv{y) = Cwiy) for y e s„ n Eu,}- 

This gives the fiber of JFj^. Set 

LP{A°^\u:TM)) := 0LP(A°-i«„rM)). 

V 

This gives the fiber of £^^. We have the linear operator 

Lemma 6.4. -Di„,ti„ is a Fredholm operator of index 2ci{A) + 2n{l — g). 
For the proof see 

To study Ms{X,A), we should allow that j varies. Besides the similarities as 
above, there are parameters that record the nodal points on each component. This 
is reflected in the definition of W'^'P{uITM). Therefore, we should use the trivial- 
ization method mentioned at the end of last subsection. 

Proposition 6.5. The stratum A4s{X, A) is a smooth orbifold of dimension n{2 — 
2g) + 2ci{A) + 6g — 6 + 2m — 2|Sing| , if Di^u is surjective for any (u,)) G A4s- 

Proof. We verify the claim of dimension. For a stable component, the moduli 
space of the component has dimension 

2ci(Afc) + 2n{l - gk) + 6gfc - 6 + 2mk + 2sk, 

where is the number of marked points and Sk is the number of nodal points 
(on the normalized surface); for an unstable component, (only when g = and 
TTT-k + Sk < 2), the dimension is 

2ci{Ak) + 2n-6 + 2mk + 2sfc. 

Totally we have 

2ci{A) + 2n{c - ^g) + 6^g-6c + 2rn + 4|Sing| - 2n|Sing| 

Note that 

g = ^g^+ rankiji(r); c - |Sing| = 1 - r&nkH^iT). 

We have the formula of dimension. 

For the smoothness, the proof is same as that of theorem 16. 21 We omit it. q.e.d. 
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7. Coordinate charts for Mg,m{X,A) 

7.1. Data of coordinate charts. We consider A4j{X,A) with a fixed j G Mg^m- 
Let u e X)^ '' ^nd ZY„ be a neighborhood of u. We may identify Uu with with an 
open set W C W^i'P(w*rAf) via exp„. Set 

L = LP{A^'°{u*TM)), M = M^{X, A) n W. 

Definition 7.1. Let W,L,M be as above. Suppose that we have 

(1) a smooth sub-manifold U in W , 

(2) a small open ball Bg <Z L, a neighborhood V ofu in W and a diffeomorphism 

<i> : U X Bs V, 

(3) a smooth section 
such that the map given by 

F:U^UxBs^V 

maps U onto V H M and the map is diffeomorphic, we then call {U,4>,F) (or 
{U,^^f), if no confusion may be caused,) a data of coordinate chart. 

Obviously, by the definition {U, F) gives a coordinate chart for M n V. 

Proposition 7.2. Any two coordinate charts given by two different data are C°° 
compatible. 

Proof. Suppose that we have two data of coordinate charts. Be precise: we 
have Mi, I — 1,2 and him which are identified with W^; then furthermore, we have 
{Ui^ <i>i, Fi) which give coordinate charts (t/^, Fi) for ViDM. So we have a transition 
map 

Ff i(Fi({7i) n F2{U2)) n F2{U2) — F^\Fi{Ui) n F2{U2)). 

This map is the composition of the foUowing chain: 

U.ShfllUrX Bs, ^V,^V2^U2X B,, Vro^^cUo-^ 

Here ^ = exp~^^ Gxp„^ . Since each map in the chain is smooth, the transition map 
is smooth, q.e.d. 

Note that in the proof, we use the fact that X]''^(X^Al) is smooth. This is 
needed for the smoothness of the map ^. However, if we consider ■}(}^'p^{X , A) 
and M.g^ra{X,AL), the fact is not true. The problem can be solved by a small 
modification: 

Remark 7.3. We modify the definition by requiring that U consists of smooth 
maps. Then we may repeat the argument of proposition [7!^ for the M.g,m{X, A). 
The only problem is . Although is not smooth in general, it is smooth when 
restricted on smooth maps. 
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7.2. Proof of theorem 16 .31 Wc only prove the smooth structure of Aij{X,A). 
The proof for that of A4g^m{X, A) is similar. 

The goal is to construct a data of coordinate chart for each point u G Aij {X, A). 
Set 

W = W^^P{u*TM),L = LP{A°'\u*TM)). 

By our assumption, 

Am -.W^L 

is surjective. Hence we may construct a right inverse Q^j to Z^uj such that Qu,} is 
Aut(u, j) equivariant: note that a right inverse gives a splitting 

W = kerAj © rangeQ„,j 

and vice versa. We choose Qu,j to be (kerAj)-*^ with respect to L^-norm. Since 
kerDtjj and L^-norm are Aut(u,j) invariant, the splitting is Aut(u, j)-equivariant. 
Now we define 

$ : ker D„,i x L ^ W; 

Then, there exists a small neighborhood [/ of € ker j , a small ball Bg C L and 
a neighborhood V u in W such that 

<i>:U X Bs^V 

is diffeomorphic. 

It remains to construct a section 

f:U-^Bs 

such that 

(7.1) dj,mjm = o 

for any ^ £ U. For this purpose, we consider the map 

H : U X Bs ^ U X L; 

Then 

H{0,0) = (O,0);di/(o,o) 
By the inverse function theorem, there is a smooth section solving H7.1|l . This 
completes the proof, q.e.d. 

7.3. Constructing data of coordinate charts. Again, we only consider Aij {X, A). 
The situation is: let U he a, smooth sub- manifold of '^{X, A); fix a point Uo G U; 
set 1^ to be a small neighborhood of Uo G W^'Piu^TM) and L = L1^p(A°'^(u*TM); 
let 

Q = {Qu,i\ueU} 
be a smooth family of right inverses for u Cz U . Then we define 

= u + Qu,}'n- 

Furthermore, we have the following assumption on (U, Q): 

Assumption 7.4. Let ([/, Q) be as above with properties 
(1) ||Vu||lp < C for any u G U; 
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(2) for any u <eU 

(3) for any ( € TJJ 

(4) for right inverses 
and 



\\dj,iu\\Lp < e; 

I^IU^<e||CII; 
ll<3«,ill <<^ 



WQuu) - Qu2,)\\ < C\\Ui - U2\\l^.p. 

Here C is a constant and e is a small constant such that Ce <C 1 . 

For any {U, Q) satisfying the assumption, we explain that we may produce a 
data of coordinate chart from it for a neighborhood of Uo- 
Applying the famous Taubes argument, we have 

Proposition 7.5. There exists a smooth map 

f-U^Bs 

such that u + Quf{u) is holomorphic. Any holomorphic curve in the form u + 
Qu^,^ G Bs is given by ^ = f{u). Here S is a small number that depends only on 
C. Moreover 

(7.2) \\f{u)\\L. < 2e. 

We remark that we may assume that e <C (5 <C C. 
Proof. Composing with 

$ : [/ X L ^ VF, 
we have a family of operators parameterized by w € C/: 

d:U xL^W L. 
Be precise, for each u, we have 

d{u, ■) : L; d{u, rj) = dj^i{u + 
We now solve r] for the equation 

dj,i{u + QuV) = 0. 

Expand the equation we have 

dj,i{u + QuV) = 9j.iU + DuQuV + NuiQuV) = 1- ^ H • 

Here Nu^Q^rj) is a term with second or higher order. Wc use the fact 

WNui^i) - a^«(6)||l. < CoiUiW + IMKUi - 611)- 

Here Co depends only on ||Vw||lp- 
The equation to solve is 

V = -dj,iU- NuiQuV)- 
Let H : Bs ^ Bs he a, map defined by 

Hr] = -Bj^iU - NuiQuV)- 
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By choosing proper 6, H is a contraction map. This follows by two simple estimates. 

< \\^J,^u\\ + \\NuiQuV)\\ 

< e + C'oC^vf 

< e + CqC^S^ 

< e + S/4:<S; 
here we require that CqC'^S < 1/4 and e ^ 5; 

\\Hm-Hr^2\\Lp - WN^aiQuVi) - NuiQum)\\ 

< Co(||Q„?7ill + \\Qum\\)\\Quivi - '72)11 

< 2CoC^S\\m-V2\\ 

< 0.5hi- 772||. 

We conclude that H is a. contraction map. On the other hand, we can also show 
that H : B2e ~^ is a contraction map. This implies the estimate for f{u) = rj. 
q.e.d. 

In this proposition, we essentially only use the property (1) in Assumption 17. 4| 

Theorem 7.6. There exists a small neighborhood U' <Z U ofug, Si < 6 and V d W 
such that 

$ : [/' X Bs, ^ V 
is diffeomorphic. Here 5i depends only on C . 

Proof. We may identify W^-p{uITM) with kerD„„,j ® LP via 

We rewrite map $ as 

<^:U y.Bs-. W'^'P{uITM) = ker A.„,» © L^; 
^iu,ri) = {u + QuV- Qu^Du^u + QuV)^ DuA'^^ + QuV)), 
Here u = u — Uo- The tangent map of $ at u, 77 is 

^ + hi h2 



i21 C + h2 



where 



hi = - Qu„DuX - QuaDu^'^^^T] =: /ill + J112 + /113; 

at, at, 

I12 = QuC ~ QuoDuoQuC\ 

hi^DuAC + ^v); 

h2=D^^QuX-C- 

By direct estimates, we have that for proper chosen U' C U,6' < S and {u, rj) £ 
U' X Bs', 

1 

iTo' 



\hj\\ < —MiLOW 



Hence D^^.r/ is invertible and 



for (u, T]) e U' X Bs' 
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Finally, we show that $ is injective. Suppose that 

$(-Ul,77i) = $(m2,?72)- 

In general, we have 

77) = <^{Uo, 0) + IJ^^^^oCu, f]) + N{U, T]). 

Here 

N{u, ff) = (Q„77 - Qu^Du^QuV^ Du^QuV - -q). 
It is not hard to get 

(7.3) \\N{ui,ii,)-N{u2.ij2)\\<C{\\{uum)\\ + \\{u2.mm^^^^ 
We have 

0((W1, 7^1 ) - (U2, 772)) = -(A^(ui, 771) - N{U2, m))- 

Set ft, = ||(ui,77i) - (u2, 772)11, then 

^<C(||(ui,7yi)ll + ll("2,r?2)||)/i. 
This is impossible if \\{uy, 77i,)||, u = 1, 2, are small. Here $ is injective. q.e.d. 
As a corollary, (J7, $) yields a data of coordinate chart (C/', $, F) . 

7.4. Estimates of df /d^. Finally, we discuss the derivative 

df 
d^ 

We show that 

Theorem 7.7. Let f be constructed in proposition \7. 5\ Then 

(7.4) llf ||<C6||e||. 

d^ 

Proof. The proof is rather long although it is straightforward. 
Let ut be a path with uq = Uq and representing ^ e T^^U . We differentiate the 
equation 

^J,^Ut + f{ut) + N^AQuJ{ut)) = 

and get 



d ^ df{u) d{NuQuf{u)) 
^^dj,u+-^ + 

d^ , df{u) 



d^ d£_ 
, dN^iQuJiuo)) , , d(g„/(u)) ^ 

i^l +^2 + A + A- 



We have 



ll^i||<e||CII 

by property (2) in assumption 17.41 



26 



BOHUI CHEN AND AN-MIN LI 



To get the estimate for we consider 

NuAQuJiud-Qu^fiUo)) 

< CoiWiQuJMW + WQuJMWmQuJiut) - QuJ{uo)\\) 

< 2Co\\QuJ{uomC\\ut - «o||||/K)|| + C\\f{Ut) - f{Uo)\\) 
which says that 

h < 2CoC2||/K)||2||^|| +2CoC2||/K)||||/2|| < Ce^lia +O.5II/2II 
The estimate 

11^311 < ell^ll 

is given in the next lemma. Combine all these together, we have 

\\l2\\<Cem. 

q.e.d. 

Proposition 7.8. Letut, and S, be as above, then 

\\'^^\\<C\mLMe+\\v\M. 
Proof. As we know 

dj,i{ut + v) = dj,iUt + Dutri + Nu^v- 

On the other hand, 

dj,i{ut + ri) = dj.i'^o + DuSut + ??) + ^«„(wt + »?), 
where u = u — Uo- Set two right hand sides equal. Then 

dj,iUt - dj^jUp DutTj - Du„{ut + r]) 

t t 

By taking t ^ 0, we have 

dj,iUt — dj^jUp d_ 
t ^ 



while for 

t t 



+- 



t 



its limit is 

(7.5) ^N^M + lim ^"°(^)-^"^(^^+^) . 
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Therefore 



t^o t 

h+l2+l3 + h- 



For each term we have 



I|/i||lp < elieiUi.p, 

\\h\\L. < eUh..,, 
\\h\\L. < C\\^\M\v\\l-.^- 
The estimate of I4 follows from lemma ??. q.e.d. 

8. Balanced J-holomorphic curves 

We consider the moduli space A4g_„i{X, A) with 2g + m< 2. There are 4 cases: 
{g,m) = (0, 0), (0, 1), (0, 2) and (1,0). In this section, we focus on {g,m) = (0,1) 
and (0, 2) since we need them when consider gluing. 

Let 

jm = {S'^,j,Xl,...,Xm)A < m< 2. 

The moduli spaces are 

Mo,m{X, A) 



Mo,miX,A) = 



Aut(j„) 



where Mo,m{X, A) is defined below. 

Since Aut{jm) is a non-compact finite dimensional Lie group, it is useful to con- 
struct the slice for the quotient space, or reduce the quotient group to be compact. 
For this purpose, we introduce balanced holomorphic maps. 

Case 1, {g,m) = (0,1). 

M.0,1 consists of only one element ji = (5^,00). Here 5^ — 00 = C. We use C in 
our discussion in this subsection. Let t = C be the group of translations of C and 
m = C* that acts on C by multiplications. The semi-product 05 = t k m acts on C 
as 

(t, m) • z = m{z — t). 

It is well known that 

Aut(ji) = 03. 

Let 

Mo,i{X, A) := Mo,o{X, A) := {u : ^ X\dj,,u = 0, [uiS^)] = A}. 
Then _ 

For u e MofiiX, A) we usually call \du\'^ the energy density. Note that the energy 
of u is u!{A). Let h = u>{A)/2. 

Definition 8.1. A J-curve u G A4o^i{X,A) is called balanced if 
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• the energy center of u is £ C; 

• the energy on the unit disk is h. 

Let Mq A) be the space of balanced J -curves. 

We remark that for any u e A^o.i(-^:^) there is a canonical balanced curve 
bi(u) constructed 

• by translating the energy center of u to 0; 

• by proper dilation (i.e, multiplying a proper real number) such that the 
energy on the unit disk is h. 

It is then easy to see that 

(8.1) MoA^^ ^) = -yi ■ 

Here acts on C by rotations and therefore has an induced action on A4q i{X, A). 
When we consider Mo^i{X, A) we always use (|8.1ll . 

Case 2, {g,m) = (0,2). 

This case is similar but easier. A^o,2 consists only an element }2 = ('5'^, 0, oo). Then 

AutOz) = m = C*. 

Set Mo^M, A) = MofiiM, A). 

Definition 8.2. A J -curve u e Mq^M^A) is called balanced if the energy of u 
on the unit disk is h. Let Mq 2i-^j ^) space of balanced J -curves. 

We also have 

Part III. The Gluing Tiieory 

9. Gluing maps 

In il^ H12l we discuss the basic case, i.e, the gluing theory for 1-nodal strata. 
Then we generalize it to general strata in ijl3l 

9.1. Pre-gluing. Let § = (g,2t,T, Z?) be a data of stratum in A^g^m(X, A). For 
simplicity, we assume m — Q. Here 

B = {51,321,21 = ^2} 

and T consists of two vertices wi, W2 and one edge e. D is trivial since m = 0. 

Set S = {q,T,D). Let jo e Ms and (uo,jo) S Mj^iX,A). Suppose that jo 
consists of 

]ov — (^^; 7 jov 7 Vov ) i ^ — 1 7 2- 

By identifying j/oi and j/o2, we get jo = (S, io)- We write 

We denote the singular point by yo- Uq consists of J-holomorphic curves 

Uov : S„ ^ M, [w^(I]„)] = Ay 

with Uoliyol) = Uo2{yo2)- 
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Recall that we have an (orbi-)line bundle 

Ls Ms. 

The forgetting-map map 

f:Ms{X,A)^Ms; 

induces an orbi-line bundle 

Given a point p £ £§, our goal is to construct a holomorphic map Gl{p) G 
A4g^m{X, A). Put in the local coordinate, we write p = {uo,jo, p), P = re^^, we 
construct Gl{uo,jo, p)- The first stop of the construction is pre-gluing, which gives 
an approximation holomorphic map pgl(uo, jo, p)- 
Recall that we have a gluing map for surfaces: 

gs : Ls ^ Mso- 

In local coordinates, we write 

jop = gsOo.P) = {'^p,yoJop)- 

Geometrically, Sp.j,„ is obtained as the following. We use the holomorphic cylindri- 
cal coordinates (log Si,ti) on near y, and write 

S2-{2/o2} = S20U{[0'O«)x^'}' 

We cut off the part of Ej with cylindrical coordinate glue the remainders by iden- 
tifying the I log r I -long ends of the cylinders with a twist of angle 9. The new curve 
is jop- Pgl(^oiioiP) is expected to be a map on jop. 

More generally, we may replace holomorphic map Uq by u € Xj '^{X,A). Write 
(/> = pgl(u,jo,p) where u = (wi,M2). </> is supposed to be a map on surface Ep^y^. 
Define 

r u^ix) if,xeEi-i?y„,(2ri/4) 
^{x) = { p = uiivoi) = ^2(2/02) if x e Dy^.ir^/'') - Dy^,{r^/^) 
I U2{x) ifa;eE2-Dj;„,(2ri/4) 

To define the map in the rest part we fix a smooth cutoff function cutoff function 
/3 : M ^ [0, 1] such that 

1 if s>2 
if s<l 

and 1/3' (.s) I < 2. We assume that r is small enough such that Ui maps the disk 
Dy.{'lr^^'^) into a normal coordinate domain of p. We can define (j) by 

(t){x) = expp (^(3 exp-i ui{x) + (3 {^—^ exp-^ U2 (^)^ • 

Lemma 9.1. Suppose (f) = Tp^{u,)o, p), then 

\\dj,uMLr^ < \\dj,u\\L.+Crh, 
where C is independent of p. In particular, 

\\dj,uA\\L- < 
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if u is holomorphic. 

The proof is given in i JlOl 
For u ^ Uo, set 

4>o = pgl(?io,jo,p). 

9.2. Right inverses. Let u e X^'^- We assume that D^^j^ is surjective. Therefore, 
there is a right inverse 

Q„j„ : LP(A|';^(u*rM)) ^ W^-'Piu*TM). 

with IIQ^.j^ll < C. Let = pgl(u, jo,p). We construct the right inverse to D^j^^. 
We identify 

S'; :=S,oU{(logr,0) x S'},v^l,2 

with Ep in an obvious way. We introduce two pairs X^^p and 7i,.p, v — 1, 2, of cut-off 
functions on them. We only describe these functions on the cylinder ends only since 
they are 1 on S^o- Let 



K,p{t, 9) — 
with Xi p + \2,p = 1- Let 



1, if i > logr/2 + 1; 
0, if f < logr/2- 1, 



1, if i > logr/2- 1; 
0, ifi<logr, 

Note that 7„.p is 1 on the support of A„.p. Also 

|V7,| < — 

I log r I 

Suppose that 77 is a function (or a form) on Ep. Wc define 

to be a function (or a form) on E. Note that Xv.pf], f = 1, 2 are functions (or forms) 
on E" C El, C E. By +, we mean the sum is taken over E. 

Conversely, suppose cr is a continuous function (or form) on E. Define 

(^lix) = li,p{cr{x) - a{y)) + a{y),x e Dy^^{^) 

and equals to a outside the disk, cti is a function on E" C Ep. Similarly, we have 
a function (T2 on E2 C Ep. Define 

r(cr) =0-1+0-2 

to be a function on Ep. Here by +, we mean the sum is taken over Ep. 
Lemma 9.2. For 77 e LP{A°'^^(f>*TM) 

C_ 

\\ogr\ 

where R = TQu;)^A{t]). 

The proof is given in ill 01 The lemma says that D^,j^^R is invertible. Set 
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Proposition 9.3. Q^j^p is a right inverse to ZJ^j^^. Moreover 

\\Q^:,J\<c 

where C is independent of p. 

In particular, for 0o we construct the right inverse Q(p^,)„p- 

9.3. Gluing maps. With (f>o and , we can construct a holomorphic curve 

as in proposition l7.5l 

We need the lemma 

Lemma 9.4. Let (j) = pgl{u,}o, p)- 

\\N4Ci) - n^{C2)\\l. < cdlCilUi- + IIC2lUi.p)(IICi - C2lUi,p), 

where C depends only on \\u\\i^i,p. 

Proof. By theorem ??, we have this inequality with some constant C" depend- 
ing on 11011^1, p. By the construction of cf), we know that 

So the claim follows, q.e.d. 

Theorem 9.5. Suppose that (p is as above and let Cq be the constant given in 
lemma \^^\ Suppose that 

||9jj„>||lp < e 

for some e < C^^. Then in the 6-ball of LP{A°'^<j>*TM) with SCq < 1/2, there 
exists a unique element, denoted by f{u,jo,p), such that 

is J -holomorphic and 

\\fiu,]o,p)\\ <Ce, 
where C can be any constant such that CCqe < 1/2. 

The proof is a repeat of that in proposition 17. 51 

Remark 9.6. Since we are working on some spaces with orbifold structure, we 
should require that the gluing maps are equivariant with respect to isotropic groups. 

Let (uo,jo) € -MsiXjA), the local uniformization system for a neighborhood O 
of (uojjo) in M-SiiXjA) and bundle £s|o are in the form 

(O, Aut(wo,jo),7r) and (£s|q, Aut(iio, jo), tt). 

The gluing map is, at the moment, defined on C\q other than on C\o- Then we 
note that 

(1) whenjo is pre- stable, the gluing is Aut{uo,)o)-equivariant. Hence the gluing 
is defined on £§; 

(2) when jo is not pre-stable, there is at least one non-pre- stable component 
JovtV = 1,2. The component is of g = 0,1 < m < 2. For this case, we 
have to use moduli spaces of balanced curves. Then it is easy to see that 
the gluing is well defined on Cs ■ 
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Let U C Ms{X, A) be any proper open subset. Define the gluing map to be 

Gl:£l,\u^Mg,„r{X,A) 

Gl{u,], p) = pgl(M, j, p) + f{u,], p). 

Here e depends only on U . To stress the process of gluing, we set 

pert(uj,p) = f{u,],p). 

Here pert stands for perturbation which is exactly what we are doing in the second 
step. 

9.4. Gluing maps for general strata. Now suppose that § = {g,^,T, D) is any 
stratum and S = {q,T,D). For simphcity we assume that Ms{X,A) is compact, 
otherwise we always restrict our discussion on a proper open subset in the stratum. 

Recall that for any S ~< S' (and correspondingly § ~< §') there exists a gluing 
bundle £§,§'. Repeat the process in H9.Uti9.3l we have a gluing map 

Gh,s' ■.Cls,e^Ms'{X,A). 

Now consider a point p e £g 

P = (,u,hPi,P2), 

where pi denotes the coordinate corresponding to the fiber in Cs,s' and p2 is the 
rest. Then applying the gluing map G/s,S' we have 

{u,),pi,p2) {Gls,s'{u,hPi),P2) e Cs>. 
We denote this gluing map on the bundle level by BGl. It is clear that 

Lemma 9.7. — £§. 

Suppose S" is any stratum that is bigger than S'. Set W — Gls.s' {^s S' .e) ■ -Had 
we proved that Glg^s' is a homeomorphic, Gls.s" would induce a gluing map 

Gls\s" ■ ^s\S"Jw Ms"iX,A) 

given by 

Gl's'S" = Gfe,s" o Gl^^,. 
The homeomorphism (in fact, diffeomorphism) of Gls,s' will be proved in t|12l 

10. Estimates 

10.1. Estimates for pre-gluing maps. We first prove lemma IHTTl 
Proof of lemma lO Let T,[ = Ei - Dy^^ (r^/^). We have 

||5j,j„>|Up(si) < l|9,7,i„«|U.(s,) + cf / Nf3{^)(u~p)A 

VJD,„,(2rV4) r I j 



+C / |VJ.(^-p)r 

WD„„,(2ri/4) 



Note that in Dy^^[2r^l'^) 



\^(i{^){u-p)\<G\u\c^ 



and 

■(u~v)\<C\J\c^r^l\ 
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So on E'l C Sp 

PjJop'/'lUnsi) < \\dj,j,u\\Lp + Cr^, 
One can compute the other side on E2 similarly, so the lemma follows, q.e.d. 

We are also interested in the derivative of pre-gluing maps. Let 

ut = {uit,U2t),t e [0,6) 

be a path in x^'^ with 



Ut = C:= (Ci,C2), 



Let ipt = Pgl(ut,jo,p) we study 0t|t=o. Similar to the computations for previous 
lemma, we have 

Lemma 10.1. Let ( — (Ci,C2) be as above, Then 

< CIICIUi.p; 



d 




di 


t=Q 



d 






d 






t=Q 


< 






'di 


LP 


di 





LP 



where C is independent of p. In particular, 

d 



dt 



if Ut is a holomorphic path. 



d. 



■I)ap9t 



t=o 



<Cri/2f||C||ci, 



LP 



We leave the proof to readers. Note that the last term in the estimates is C with 
respect to C-'^-norm rather than L-'^'P-norm. Also for the last statement, it is clear 
that it holds as long as C £ kerDi^^uo- 

10.2. Estimates for right inverses. Proof of lemma 19.21 Suppose fii is con- 
structed from (T = Qu.iai^v) ''^^ explained in ^19. 21 It is supported in E". We 
compute 

We find that 

|/| < |Ai,pr/| + |V7i,p(fT-a(t/oi))| 

+ 1 J(0)V7i,p(a - a(yoi))| + |(J(0) - J{u))^i,pda\ 

+ \{VJ,-fi^pCj)d{(j) -u)\ + |(VJ, aivoi) - ji,pC7{y,i))dq^\ 

/i+/2+/3+^4+4+/6- 

The difficult terms are I2 and I3. They behave similarly: for example, 

C 1 , 



1 \ ' 

^ / l/4\l-2/p| I \ 



logr|p' 



where a = 1 — 2/p. So 



/2IILP < 



C 



I log r I 



WWlp 



estimates for /4 to /g are trivial, so the claim is true, q.e.d. 
Let ut, ipt be as before. 
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Proposition 10.2. Let Q^tj^p be the right inverse to -D^jj^p constructed as before. 
Then 

\\Q<^u)J\ < c- 

where C are constants depending only on u. 

Proof. All statements are standard except the last estimate. We explain this. 

For the first term it is sufficient to estimate 



It is standard to have 



and therefore 



\\^^R\\<c\\c\\l^.. 



For the second term, we use the identity 

§-^{D^uu,R)-^ = -iD4,uuRr'§^{D^..>.,R){D^,,,^^R)-\ 
Then the rest of estimates is standard, q.e.d. 

10.3. Estimates of f{u,],p). As a consequence of theorem l7.7l we have 
Theorem 10.3. Let ^ e kei Du,; . Then 

\\§^f{uAo,p)\\L.<Cr'/P\\C\\L^:^, 
where C depends only on u. 

11. C^-COMPATIBILITY OF GLUING MAPS 

11.1. Admissible gluing maps. As we have seen, gluing maps consist of two 
parts: pre-gluing and perturbation, i.e, map pgl and pert described in Sj^l Hence, 
they depends on cut-off functions and right inverses used in the constructions. Since 
cut-off functions only depend on the coordinates of horocycles, wc may assume that 
cut-off functions are fixed. This kills the ambiguities caused by cut-off functions. 

On the other hand, there are more general gluing maps realized by the following 
data (again, we only explain for the 1-nodal stratum case): let A = (y, Q) be a 
pair satisfying assumDtion l7.4l Suppose that it generates a data of coordinate chart 
of a proper open subset U of M^{X,A). We may define a gluing map 
GZa based on these data: 

• for p = (w,jo,p) G C%\u we define 

PglA(p) =Pgl(^"\")jo,p), 

set (/> = pglA(p); 

• construct right inverse for Qcj,:)„p by using Qf-^{u),)o' 

• construct pert^ by using and Qct>,)^p- 



SYMPLECTIC VIRTUAL LOCALIZATION OF GROMOV-WITTEN INVARIANTS 35 



More explicit, G/a is the composition 

Cs\u ^ F*Cs\v ^ Mg^X, A). 

We call a gluing map GIa constructed as above is an admissible gluing map. Clearly, 
the original gluing maps are admissible. 

Definition 11.1. Gl\ is called type-1 if V d Ms{X.,A), otherwise, it is called 
type-2. 

11.2. C'^-compatibility. Suppose that we have two different gluing maps GIa, 
r = (V, Q) and Gl. Later, we will prove that both of them are compatible with 
the smooth structure of top stratum. How they compatible with each other? Note 
that all gluing maps are identity when p ~ 0. We want to understand how much 
difference between Gl{u,jo,p) and Glr{u,jo, p) when p — » 0. The expected result 
should be 

Theorem 11.2. liuip^o Gl{u, ,]o, p) = hnip^o GZr(M, jo, p) 

Proof. We show that 

\\Gliu,],,p)-Glr{u,jo,p)\\<C{p) 

where C{p) ^0 for p ^ 0. 

For simplicity, wc introduce notations. Let 

Vo = /K), 

Let 

0o = Pgl Ko J o,p)>o = Pgl(UoJo,p)- 

Let A and R be those terms in ij9.2l We compare 

0o - ^'o + Qk,,.Mvo) 

with (po- We claim that 

(11-1) |IC-0o|| <Ci(p); 

(11-2) <c2(p), 

where Cj{p) — s- 0,j = 1,2, when p — s- 0. These two equations imply this theorem 
by theorem 19. 51 The proof of these two equations is given below, q.e.d. 

Proposition 11.3. Eauation M 1 . 1\ is true. 
Proof. Step 1, 

(11-3) WQKi^Vo) - i?(Aryo)|| < ^^llryoll. 

|logp| 

This follows directly by the definition of Q^i . 

It remains to compare R{Arjo) with (3 ■ Gq. By definition 

i?(A77o) =rQ„,(Ar/o). 

Note that CTo — Qu' Vo- We can easily verify that 

\\rQu'{XVo)-p-ao\\<Cr'/^P. 
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Combine these, we get equation II 1.11 q.e.d. 

Proposition 11.4. Eauation \ll.!A is true. 
Proof. We have that 

and 

- ^o)\\l. < C\\V{£ ~ MWl. < C{p). 

So im follows, q.e.d. 

As a corollary, we have that 

Corollary 11.5. Gl^^Glr and its inverse are continuous. 

12. Coordinate charts from gluing maps 

We explain that how the differential structure on Mg^rn{X, A) induced by gluing 
maps fits with the one given in tl7.2l 
We discuss these case by case: 

• Case I: 2gi + mi > 3 and 2g2 + m ~ mi > 3; 

• Case II: 2gi + mi > 3 and 2g2 + m ~ mi < 3; 

• Case III: 2gi + mi < 3 and 2g2 + m ~ mi < 3; 

12.1. Case I. We study the gluing maps near (wq, jo). By assumption }ov, v = 1,2 
are stable, so is jo. For simplicity, we will ignore finite groups rj^,rj^^ and etc. 
unless it is stressed. 

Let Ms be the stratum containing jo. For simplicity, we assume that Ms and 
A4§{X,A) are compact. It is known that 

is a local diffeomorphism. 

Let O be any neighborhood of jo in Ms- Let 

where f is the forgetting-map map. 
Set 

U^pgl{Cs\o)Cxl'L{X,A). 
For each — pgl(w, j, p) £ U we have right inverse Q^jp . If we fix (j, p), set 

U^p = {pgl(*,j,p)}. 

By estimates in iJO.ll and t |9.2l we have 

Theorem 12.1. (C/j,p, Qj.p) is a pair satisfying assumption \7.4\ Hence the gluing 
map generates a coordinate chart of A4j^(X, A). Since {(j,p)} may be treated as 
parameters, {U,Q) generates a coordinate chart of A4g,miX, A) which is given by 
gluing maps. 

In the other word, Gl;^^p is diffeomorphic automatically. 
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12.2. Gluing maps: case II. Wc now discuss the gluing for case II. That is: joi 
is stable and jo2 is unstable. In particular, we note that S2 = S^. 
We will further divide case II into foTir subcases: 

Ila. m = mi and (Ei, ii, xi,. . . , Xm) is stable; 

lib. mi = m — 1 and (Si,ii,xi, . . . ,Xm-i) is stable; 

lie. m = mi and (Si, ii, xi, . . . , Xm) is unstable; 

Ild. mi = m — 1 and {T,i,ii,xi, . . . ,Xm-i) is unstable; 

We start with case Ila which is one of the most complicated cases. Before we 
proceed, let us remark what is new comparing with case 1. The problem is that gs 
is no longer local diffeomorphic. Hence, we are not able to treat Ls as parameters. 

Case Ila. We specify the notations for this case, jo consists of 

jol ~ (^1 ) jol^ *^ol) • • • ) '^omi Vol) 

and 

)o2 = (5^,2/02 = 00). 

We describe Ms- For simplicity, we assume m = and (Si, j) is stable. For 

ji = (Si,ji,yi) 

set 

j'i = (Si,ii). 

Then 

Ms = Mg, X Si X {jo2} 
where the isomorphism is given by 

(jl,jo2) ^ (j'l,2/l,jo2). 

By the construction of 

gs : Ms >^ C: ^ Mg 
we know it is an fibration with fiber 

Si X C*. 

Geometrically, this says: with fixed surface 

Ji = (Si,ji), 

for any y G Si and ^ p G C*, 

gs(ji,p) = j'l 

Let u = (iii,U2) G M§{X,A) be a map. We may assume that U2 is balanced. 
Be precise, we define 

MUx,A) = {{ui,U2)\ui€Mg,i{X,A,), 

U2 e Ml^-^{X,A2),ui{y) = U2{y)}. 

Then 

By this exposition, we know that: y and p can not be treated as parameters, 
however j[ can be. So we will fixed j[ in the rest of argument for this subcase. This 
is equivalent to fixing ji . 
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We summarize the notations again: j,, consists of 

joi = (Si,joi,yoi) and jo2 = iS^,oo) 
Set j^i = (El, joi). Define 

Ms,y^^ = {(ji := (Si,joi,yi),jo2)} 
Clearly, Mgy^^ = Si. Then 

gs : Msy^^ X C,* ^ j',,. 

Correspondingly, for moduli spaces, we have Ai^{X,A) and M.){X,A) for j e 
Ms,y^^. Set 



and 



For any 

ueM^{X,A)cMlyJX,A), 
we assume that Z)„j is surjective. Then we get a gluing map 
Gl:MlyJX,A) xsi Ct^Mu{X,A). 
The map is well defined: since it is easy to sec that the gluing map defined on 

M^,jX,A)xC: 

is 5'^-cquivariant. The balanced moduli spaces are necessary for the equivariance. 
We move on to discuss the diffeomorphic issue. 

Fix a map = {uoi, U02) e A4| {X, A). Since r>„<,,j<, is surjective, M^^^^^ y^^ {X, A) 
is a smooth manifold. Let No be a slice (with respect to the S'-'^-action) through 
Wq- Let y be a neighborhood of yd G Si. Then the neighborhood Uu„ of 
Uo € A4s^y ^{X,A) can be identified with 

Uu^^Vx No. 

Fix po = To and its neighborhood Glu{po) € C*. Then the gluing map is locally 
rewritten as 

(12.1) Gl:V xN X Glu{po) My^^ {X, A). 

We want to show that this is local diffeomorphic. The new point is to compute 
differentiation with respect to new variables in ^ x Glu{po)- To treat them properly, 
we compare this map with with another well-studied map, which has been shown 
to be diffeomorphic by case 1. 

By adding two marked points {0, 1} to 5^, we get a stable curve 

jo2 = (5^0,1,00). 

Let jo = (joi, jo2)- Set 

j' =gs(jo,/5o) e Mg,2. 

We regard Ug as an element in A^j^ {X, A) in an obvious way. Let iV be a neigh- 
borhood of Uo in this moduli space. We have a gluing map 

Gl^^:N x{po}^My{X,A) 
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which is diffeomorphic according to case I. We rewrite the map as 

Gh,^^p^ : N ^ My{X,A). 

Since j/oi and po are fixed, j' can be identified with j'^i by forgetting the two extra 
marking points. This induces an isomorphism 

MyiX,A)^MyJX,A) 

via forgetting- marked-point. So we have 

Next, we explain that there is a natural isomorphism 

B -.V X N X Glu{po) N. 

Had Gl — Gly o B, we would prove that the former one is diffeomorphic. Though 
this is not case, they are rather close. This is what we do next. 

We know that N = ^qN. By So we mean a neighborhood of identity (0, 1) G 58. 
So it is sufficient to define a map b : V x Glu{po) Sq- This is given by 

Ky^p) = {fo^iy - yo),r^^p)- 

So 

B{y,u,p) = b{y,p) ■ u. 

Set 

Gl\^p^ = GloB'\ 

And think of Gl-^ p^ and Gl^ ^ are both maps from N = to My^^ (M, A). 

Let 

0o = \>g\{Uo,)o,Po),Uo = Gl[Uo,]o,Po)- 

Set 

(12.2) W = W^^P{<j)lTM), L = LP[K°/^cf)lTM). 

We know that Gly induces the following data of a coordinate chart: 

(1) Oj,,p^ =pgl('BnWjo,Po); 

(2) -.Oy^p^xL^W given by 

(12.3) $j,,pJ(/.,r;) = (/.-fg^,j,^77; 

(3) pertj/ : O ^ L the map that yields the gluing map Gly^^p^. 
Theorem 12.2. The following is the data of a coordinate chart induced by Gli, ^ : 

(1) O pgl(y X iV X Glu{po) X {U}) = pgl(B-i('8oA^)joi); 

(2) 'i' : O X L ^ W given by 

(12.4) *(0,77) = v + Q^,,^,?7; 

(3) pert : O ^ L the map that yields the gluing map Gl. 

Proof. We only need to verify that 'i' is an isomorphism. Since O = ^qN, it 
is equivalent to show that 

* = *o (pgloS"\l) : ^oN xL^W 

is an isomorphism. 

On the other hand, by l|12.1|l we know that 

$ = <^y^p^ o pgl : ■^^N X L^W 
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is an isomorphism. Now both maps \l/ and $ have same domain and range. We 
claim that when Tq is small, 

(12.5) ||*-^||<e, 

(12.6) \\d^-d^\\ < e 

for some small e. Then that the isomorphism of ^ implies that of ^. The proof 
of (|12.5|l and 1)12. 6|l is rather straightforward but tedious. The proof of them is 
explained below, q.e.d. 

Definition 12.3. Let Gli and GI2 be two gluing maps defined on same (local) 
domain. Let and '^2 dfe corresponding maps defined in the form as (|12.4(l . We 
say 

Gh ~ GI2 
if^i - ^2 satisfies (|12.5(l and H12.6|l . 

To compare 5* and $, we should go through the process of gluing and compare 
them in each step. 

Pre-gluing maps. We first compare the pre-gluing maps for two different gluing 
processes. 

Suppose (i, z) g S is given. Let (y, p) = b~^(t, z). Let u = (ui, U2) G N and 

u = (ui, it,z) ■ U2) =: (wi,U2)- 

Set 

h = ((Si,ioi,2/)Jo2)- 
The pre-gluing for G/j ^ is pgl(u, jy, p) and that for Gl-^ p^ is pgl{u,]o, Po)- We 
denote them by 

pgi;^,pgly^ :»o7V^W^ 

respectively. We have 

Proposition 12.4. Let {t,z) — b{y,p),u E N, i.e, 

p = roZ.y = Tot. 

Then 

iipgi;j(i,z) •«),pgijj(t,z) •«)iui,p < c\t\^o- 

Here C is a constant independent of ro . 
Proof. Set 

= pgl^^((t, z)-u)-^^ Pglj„((t, z)-u). 
By the construction of pre-gluing, (j)' and (j) are maps on Sj,,p and E^^ p^. We 
should identify them properly: in fact, both of them are identified with Si in a 
canonical way and so they are identified. In particular, we explain how two sphere 
components identified. We name the spheres Sy and Sy^ . Let 

<Cy^sl^{^yXy. = sl-{^}. 

We write down the identification map 

w : Cy ^ Cy^; 

wiz) = {ro\y + pz-^)y\ 
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The inverse of w is 

w~'^{z) = {p~^{rox~'^ - y)) . 
Explicitly, wo write down (p and ((>' on T,y^^p^. We separate ^y„,p„ into three pieces: 

• P2 :=S^ = S2-^y„(2V?;); 

• P3 = DyX2^o) - DyXsful'^) C Si. 
OnPa, 

(j) = (j)' = u{yo). 

On Pi 

(12.7) <P{z) = u{yo) + P{^){u,{z) - u{y,)), 



(12.8) 4>\z) = u{yo) + (3{^){u^{z) - u{yo)). 
OnPs 

(12.9) cl>{z) = u{yo) + /?(^)(W2(^) - u{yo)), 

Ha 



(12.10) </>'(z) = u{yo) + /3(^^^-^)(ti2(2) - ^.(yo)). 

Clearly, to prove the proposition, the computation of cut-off functions is involved. 
We need the results from appendix ??. 
We explain the computation on Pi . 

4>{z) - ^{z) = (/3(^) - /3(i^))(t.i(^) - u{y.)). 

This is supported in Dy^{3^/r^N) — Dy^{y/r^N/2) And we have estimates in this 
area: 

/3(^))(ui(^) - u{yo))\ < Cl^lv^^-'/^ 



and 



V((/3(^)-/3(l^))(t.i(^) -«(?/„) 



To \PrZ 



Then their L^'-norms are bounded by 

C\y\-rC\y\r-^I^^C\y\r\-'^l\ 

Plug in 2/ = Tot, we have 

||'/'-<^'IUi.p(PO < C\t\^o- 
The computation on P2 is same. Then the claim of proposition follows, q.e.d. 

RerriEirk 12.5. The key to the whole process is that we use coordinate {t,z) rather 
than {y,p): we note that the computation of cut-off functions with respect to {y,p) 
does not preform friendly, while there is no problem when it is with respect to {t, z). 
This is due to the factor ro . On the other hand, we know that it is [t, i;) e 05 that 
is essential inspired by the map Gl^^ . So it is not surprise that the computation 
behaves well. We will skip the computations of the rest of these type results. It is 
just a matter of recycling the above computations and those in appendix. 

Similar computations imply 
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Proposition 12.6. Given u £ N and a path {t{s),z{s)) G ?8,s G [0,1) with 
{t,z) ^ (i(0),2(0)) and 



Then 



d_ 



itis),z{s)), 

pgll{it{s),z{s))-u)\\L^.,<Cy^o\{vuV2)\. 



d 

Pgll„((^(s),2(s)) "«) - jr 
In particular, this implies that at {t, s) ■ u 

when (t, s) is bounded. 

Right inverses. Recall that in the construction of right inverse Q, we first define 
R = FQtjA and then set = R{DR)~^. Here F and A involves cut-off functions. 
Hence we should deal with the derivatives of cut-off functions as well. 

For gluing maps GZj^ and G/' we have two families of right inverses Q and 

& = {Qpsil(x),Jxe^oN}. 

We may treat them as maps 

Q, Q' : <8oiV xL^W. 

Then 

Proposition 12.7. Let Q and Q' be as above. 

\\Q-Q'\\<C^; 
\\dQ-dQ'\\ < C^. 

Combine these results, we prove theorem (112. 5|) and (|12.6() . 

Remark 12.8. We explain the idea that guides us in the above proof. Let 

{uo,Po) e MsiX,A) X C: 

and X Glu{po) be a neighborhood of this point. We may be expecting a gluing 
map 

vo 

We may construct a gluing map defined on a proper chosen slice. This is essentially 
what Gl does. Another reasonable approach would be Gl ^ Gli ^ GV . Here 

Gh:^x {po}^MgMM,A). 

We use Glu{ro) = m. 
Set 

io.y = ((Si,joi,y),jo2);jo =}o.ya- 

Let _ 

MviX,A)= 1[M,^JX,A). 

yev 
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Suppose that 
and 

MviX,A) ^ M^^{X,A) X V. 
Set _ 

Uu^,Vo = Uu^^MiSX,A). 

Then using a natural identification of V with i we reduce Gli to 
Gl' : Uu^^y^X.A) X {po} ^ Mg,m{M,A). 

Elements in Uua,ya '^'^^ treated pre- stable by adding two marked points onjo2- Hence 
Gl' is exactly Glj^ . So it is not surprise to have a natural comparison between 
Gl and Gl' . Although the computation is tedious, it is quite straightforward. 

From this, we also see that in this local comparison Glu{ro) can always compare 
with m. So we will always cancel Glu{ro) with m when the similar issue occurs. 

Case 2b and 2d. These two cases are simpler. The group 05 in case 2a is replaced 
by m < *B. We skip them. 

Case 2c. This is a relatively new case. The point is that the resultant curves after 
gluing are pre-unstable. The treatment of this case is same as case 3. We discuss 
case 3 directly. 

12.3. Gluing maps: case 3. Both 

{Y.i,ii,xi, . . . ,Xmt,y) and (112, ^2, x^i+i, • ■ • , a;^, y) 

are unstable, Sj = 5'^,j = 1,2 and m\ < l,m — m\ < 1. We take the most 
complicated case: m = 0. To tell the difference between two components, we mark 
spheres by S^. Namely 

(12.11) I] = (52,t/ = ooi)U(S|,y = oo2). 

Then 

Aut(i;) = <Bi X <B2. 

We put the subscripts to tell the difference. We define a normal subgroup of Aut(S) 

Auty(S) = {(V'i,V2)|V'ie Aut(Si), 

#l(yi) O #2(y2)|T„(Si)0T^,(E2) = !}• 

Set 

A*(m) = {(mi,m2) e mi x m2|mim2 = 1}. 

By direct computation, we have 

Lemma 12.9. Autj/(S) = ti x t2 x A*(m). 
Then 

Aut(E) ^ 
Aut y (cr) 

Now we consider the gluing. For each component, we use balanced curves, i.e, 



Mo,i{X,Aj) 



M^,,{M,Aj) 
51 
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Therefore 

Mi{X,A) 
' ^ - 51 X 5-1 ' 

where A = Ai + A2. For simplicity, we assume that the stratum is compact. The 
gluing is 

(12.12) Gl : M|(X, A) X 51x51 ^ Alo.o(^,^)- 

or in a more precise form, the right hand side is treated as a subset 

M|(X,A) X 51x51 xC: c Mo%(M, Ai) X51 C xsi Mo%(M, ^2). 
Note that _ 

Mo.o{X,A)- ^^^^^^^ . 

In order to show that Gl defined in (|12.12|l induces a local-diffeomorphic gluing 
map 

Ml{X,A) x six SI xC:^MoAX,A). 
we should conclude that 

Theorem 12.10. The image of Gl represents a slice in Mo.oiX^ A) with respect 
to the action of Aut{S^). 

We now explain the idea following the guide line given in remark ri2.8l to speculate 
the proof. The key is Droposition ll2.11l 
Locally, an expecting map is 

^ TO 

Here U C Msi^, A) is a small open subset in the stratum that is *Bi x *B2 invariant. 
Again, U should be thought as a subset of 

MoAX,Ai)xMoAX,A2) 

and 

U ^ MoAX,Ai) Mo,iiX,A2) 



«8i X <82 »i 2S 

The left hand side of p2.13|) can be written as 

U 



Aut,(I])/'^^j"^^"('^°)- 
As before, locally mi is cancelled by GIu{pq), and we have 

■ A^I^S) ^^"^ ^ Aut(52) • 
Next we need an important fact for this kind of gluing. 

Proposition 12.11. For any p < rg, there exists a neighborhood V of id in 
Autj,(E), a neighborhood V of id in Aut(5'^) and a diffeomorphism map 

gl:V^ v. 

Here gl is construct via gluing process. 
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We skip the proof. 
Using this fact: 

Auty(S) Aut(S'2) 
locany, we would show that the image of Gl is a shoe. 
Sketch the proof of theorem 112.101 First we introduce a shce of 

Autj^(S) 



We say an element (ui,W2) € MsiX,A) is balanced with respect to Aut2^(E) if ui 



is balanced and U2 is centered. Let M^{X,A) denote the set of such elements. It 



is not hard to see that 

Ms{X,A) ^ Ml{X,A) 
Aut2,(I]) Si X ' 

and 

111-2 

Set 

Gh ■■ MUx,A) X {po} ^ Mo{X,A) 
to be a gluing map. Then locally 

Gl w Gh 

in the sense of definition 112.31 The problem is now translated to show that the 
image of Gli is a slice in A4oiX,A). 

Take a shce N in Ml{X, A). A neighborhood of N in Ms{X, A)isV- N. Define 
a map 

Gh-.V -N X {pq} MoiX, A) 

by 

Gl2{v,n)=gl{v)-Gl{n). 
We compare it with the original gluing map, extending Gh, 

Gl -.V ■ N X {po} ^ Mo{X,A). 
By using the property of 5^, it is straightforward to show that 

Gl w Gh- 

Since Gl is local diffeomorphic, we conclude that 

Gh{l-N) =Gl{l-N) 
represents a slice in A4o{X, A). This proves the theorem. 
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12.4. On gluing maps for lower strata. We generalize our results from l-nodal 
case to general strata. 

Corollary 12.12. The gluing map 

gives a coordinate chart for Ms' {X , A) . 
Similarly, 

Corollary 12.13. The isomorphism 
is diffeomorphic. 

Set W = Gls.s' i^s w .e) ■ Since Gls.s' is diffeomorphic, the gluing map 

Gl's\S" '■ ^S',S",e\w — * Ms"{X,A) 

given by 

Gl's'S" = Gls,s" o Glg l,. 

is a diffeomorphism. 
Moreover, 

Corollary 12.14. Gl'g, g„ is admissible, so it is -compatible with Gl§> . 

Proof. GZg, g„ is admissible by its construction and definitions. The second 
assertion follows from Hill q.e.d. 

13. Smooth structures on Mg^rn{X,A) 

13.1. Topology on A4g^m{X, A). By far, Aig^miX, A) is a union of strata, each 
of which is a smooth orbifold. We have not defined the topology on the whole set. 
This is provided by gluing maps. 

Recall that for any (w, j) G A4s{X, A), there exists a neighborhood U C A4s{X, A) 
of (m, j) and e such that the gluing map 

Gk:CsJu^Mg,m{X,A) 

exists. We define the image of Gls to be a neighborhood of {u,j) G Mg,m{X, A). 
By this way, we may define a topological base at (u, ]): to see we form a topological 
base, we use the property of C'^-compatibility between gluing maps, which says 
that any two such open sets are compatible. Therefore, we have a topology on 
■Mg^m{X, A). In fact, we have 

Theorem 13.1. A4g^„i{X, A) is a topological orbifold. 

Proof. For each point G A4s{X,A), a neighborhood described above has 
a coordinate chart: 

{^s,c\u, Gig). 

The transition maps between any two charts are C^. Hence it is an orbifold. q.e.d. 
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13.2. Smooth structures on A). In this subsection, we explain that 

there exists an atlas such that A4g^m{X,A) is smooth. However, we do not show 
any two atlas are compatible. 

Definition 13.2. A stratum- covering of A4g,m{X,A) consists ofUs,e§ for each 
stratum such that 

• Us is a proper subset of A4s{X,A); 

• there exists a Gig on Cs^eslus! 

• for 

Ws = G7s(£s,es|c/s)) 

Ws n VFs' ^ if and only i/§ -< §' (or, §' ■< S); 

• {^s}se27^_„ is a covering of Mg,m{X,A); 

The following lemma shows that stratum-coverings are abundance. 
Lemma 13.3. There are many stratum-coverings. 

Proof. Set V = Let <So be the set of smallest strata S gV. Choose 

Us = Ms{X,A). 

They arc compact. By the gluing theory, there exists eg such that the gluing map 
exists on £s,es- If we choose eg small, we may have 

WsOW^^ 0. 

Inductively, let Sk be the set of smallest strata S S 2? — Sk-i- 
Suppose that Us, e§ are chosen for all S e «S;, Z < A; — 1. Set 

For any S G Sk we choose a proper open set Ug such that 

{Ws',s\^' ^ S} U {Us} 

covers A4s{X, A). Moreover, we choose eg such that there exists a gluing map Gls 
defined on £s,eslc/s ^^'^ is disjoint with other W§' unless S' §. Inductively, this 
construct a stratum-covering. Since we are free to choose eg. Us (except S € So) 
and Gls, hence there are many choices of stratum-coverings, q.e.d. 

Note that for a given stratum-covering, we have an atlas on Mg^miX, A) given by 

Given such an atlas, we ask if the transition maps between any two charts 

Gls o Gl^,^ 

are smooth. If so, we have shown the smoothness of A4g^m{X, A). However, this 
may be too tedious and not true. Instead, we show that there exists certain Gls 
for each S such that 

Gl§ o Gig, 

are smooth for any pair (§ ^ S'). 

The main idea is given by the following. Let Sj G P, i = 1, 2, with §i ^ §2- Let 
Ug. be proper open subsets of A4sf,i = 1,2. Suppose that we have a gluing map 

GlSi ■■ Cs^,ei\usi ^ Mg,Tn{X,A). 
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Set 

^s',S2 ^ GZsi(£si^s2:0.75£|(7si) n C/S2; 
As explained in H9.4I G/g^ induces a gluing map Gl'^^ on 14sj ■ We show that 
Proposition 13.4. There exists 62 and gluing map 

GIS2 ■ ^S2.e2\Us2 ^ Mg^m{X, A) 



Proof. By the gluing theory, there exist e and a type-1 gluing map 

Gl'l:£s2.e\u.s2^MgMX,A). 

Note that G/g^ is of type-2. We use a cut-ofF function on gluing parameter to 
patch these two gluing maps. To be precise, let us introduce coordinates: by local 
coordinates, a point in VFsj^j is denoted by 

Gl{u,],p), {u,),p) e C§,^,S2- 

Let /3 be a cut-off function such that 



Pit) 



1, t<0.5e 
0, t > 0.75e. 



For an admissible gluing, we start with a coordinate data (y,$,F). Suppose this 
is the data used for G/g^ . Namely, 

y = P5fel,S2('CSl,S2,Cl) 

and 

F ■.V^Ms2iX,A) 
realizes the gluing map. In terms of formula, it says 

Gk^ 32 (m, j , p) = pgk, ,§2 {u,],p)+ pert {pgk^ ,§2 ("", j , p)) • 

Now we define V' to be 

V = {pgk,.S2{u,hp) + (3{p)pert{pgk^^s^{u,],p))}. 

Start with (V, Q), it is easy to generate a new pair {V' , Q'). Therefore, we define 
a new admissible gluing map G/s2 based on this coordinate data. Since the part of 
V is in Ms2{X,A) when \p\ > 0.75e, we may extend Gls2 over 1/^2- q.e.d. 

We remark that the cut-off function used to patch two gluing maps is a function 
on Ls- We call the method to be patching gluing maps. 

Theorem 13.5. There exists a stratum- covering ([/§, eg) and gluing maps Gls such 
that for any S Gls agrees with any gluing map G/g induced from G/s',§' -< §, on 
the overlapping domain. 
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Proof. We use the same process as in lemma ITl-i. HI For § e 5o, no modification 
is needed. Suppose the construction is done for all S G 5;, ^ < fc — 1. 
Let § g For any §' ^ §, set Ws'^s as before. Let 

For the moment, we denote Gl§,{S') for the gluing map defined over H/g/.s induced 
by Gls'- We assert that 

Gh{S') = Gfe(§") 

over W^s'.snM^g/' .s. First of all, by the definition of stratum-covering, the intersection 
is non-empty if and only if S" -< S'. Since 

Gls'{S") = Gk' 

over W^s",s' n Us', hence they induce same gluing maps on stratum A4s- So totally, 
we have a gluing map G/g over induced by all gluing maps from lower strata. 
For any gluing map Gig defined over L/g, we may apply proposition 113.41 and get 
a new gluing map Gl§ that is a patching of Gl'g and Gig. Then by induction, we 
complete the construction, q.e.d. 

As a corollary, we have 

Theorem 13.6. A4g^„i{X, A) admits smooth structure. 

Part IV. Virtual theory on Mg,rn{X,A) 

In we introduce a new concept "virtual manifolds/orbifolds" . Furthermore, we 
develop the integration theory on them, which including the equivariant integration 
and localization formulae. The background of the concept is to define invariants on 
the moduli spaces from Fredholm systems. In this part, our goal is to construct a 
(smooth) virtual orbifold from A4g^m{X, A). Then all the theory on virtual orbifolds 
can be applied to this particular moduli space. Therefore the virtual localization 
formulae of Gromov-Witten invariants follow. 

In ^141 we review the material of virtual orbifolds in . Then we construct the 
virtual orbifold structure on Mg^m{X, A) in H15tH17l An application is given in 

m 

14. Virtual orbifolds 

14.1. Basic concepts. Let N — {1, . . . ,n} and TV = 2^ be the set of all subsets 
of TV. Let 

X = {Xi\i eJV} 

be a collection of sets indexed by M. For any / C J there exist Xjj C Xj,Xjj C 
Xj and a surjective map 

4>j,i ■ Xjj Xi^j. 

Set $ = C J}. We always assume that X^^ ^ 0. 

Definition 14.1. A pair {X, $) is called patchable if for any I, J Af we have 
PI. Xjijjjnj — XjDjj n Xiu.j^j; 
P2. XinJjuJ — Xjnjj H Xm.j^j; 
P3. 4>iij.jjn.J = 0/Jn,7 o (j^IijJJ = 0J,/n,/ ° 4'IuJ,j; 
P4. (f>njJ,i{XiuJ,inj) = (pjjnji-^injjuj); 
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P5. (f>iuJ,j{XiuJ,inj) — 4>jjr\J^Xir\J,iuj)- 

Set 

Xi^j = (piuJjiXiujjnj) = (l>i^inj{XinJ,iijj)-, 
Xjj = (t>iuJ,j{Xiuj,inj) = (t^jjriji-^i<^J,i^j)- 

There is an equivalence relation for points in UX/: For x & Xj and y G Xj we 
say that x y if and only if there exists a, K C I n J such that 

(I>i,k{x) = (pj,K{y)- 

We "patch" Xj together and get a set 

X = y - . 

A virtual manifold is a patchable pair {X, $) with specified properties. 

Definition 14.2. Let {X, $) be a patchable pair. Suppose that 

• Xj G X are sm,ooth orbifolds; 

• Xi^j and Xjj are open suborbifolds in Xi and Xj respectively; 

• ^jj : Xjj — > Xij is an orbifold vector bundle. 
Then {X, $) is called a virtual orbifold if for any I and J, 

4>IJnJ '■ Xjj Xjf^jjijj, 

4>J,inJ '■ Xjj Xinjjuj 
are orbifold vector bundles and 

(14.1) Xjuj Xjj. 

We call 

the virtual space of {X, We denote the projection map — > X by 

Let di he the dimension of Xj. We call d0 the virtual dimension of (X,^). 

One can also define virtual manifokls/orbifolds with boundary. From now on, 
for simplicity, we forget the orbifold singularities and focus on manifolds only. 
The following example gives a typical method to construct virtual manifolds. 

Example 14.3. Let X be a manifold. Let {Uq, Ui, . . . , Un} be an open cover of X. 
Let U° = ^ , i > 1 . Here ^ just means an open subset whose closure is in Ui . 
We use I to make the notations more suggestive. 
Let N = {1, . . . , n} and I, J, K be as before. Define 

n 

= Uo-\JU° 

i=l 

Xj = {^Ui-\JU]. 

iei 

LetX = {Xi\L Define 

Xj^j = Xjj = Xlf^ Xj. 

All possible ipjj are taken to be identities and let # = {<pj,i}. Then (X,^) is a 
virtual manifold (cf. Proposition 11). Moreover, the virtual space is X. 



SYMPLECTIC VIRTUAL LOCALIZATION OF GROMOV-WITTEN INVARIANTS 51 



We can define differential forms on virtual manifolds. There are two types. The 
first type is nature. Let {X, $) be a virtual manifold. 

Definition 14.4. A k-form on {X, $) is 

{ai en''{Xi)\l eJ\f} 

such that 
on Xjj. 

This is called a pre-fc-form in It, in fact, induces a fc-form on the virtual 
manifold in the sense of (i . 

In order to consider the second type of forms, we need Thom forms Qjj of the 
bundle ^ jj : Xjj — > Xjj. To avoid the unnecessary complication caused by the 
degree of forms, we always assume that the degree of Qj.i is even. 

Definition 14.5. A set of forms Q = {Ojj}/cj is called a transition data of X 
if it satisfies the following compatibilities: for any I and J , 

on Xjujjnj- 

Definition 14.6. A virtual form on {X, <I>) is 

i^{zien*iXi)\l eM} 

such that 

on Xjj for some transition data O. 3 is called a Q-form on X . 

For either forms or virtual forms, one can define close and compact supported 
forms. Let 3 be a compact supported 0-form, one can define integration 




The Stokes' theorem holds for this type integration. 

The discussion given above can be generalized to the equivariant case. Let G be 
a compact Lie group. 

Definition 14.7. By a G-virtual manifold (X,^), we mean that (a.) (X,^) is 
a virtual manifold, (b.) each Xj is G-manifold and (c.) : Xjj — > Xj j are 

G-equivariant bundles for any I d J. 

To study the G-equivariant integration theory on X , we may consider G-equivariant 
transition data Qg — {©j/j/cj- Then similarly, we may define: G-equivariant 
forms, G-equivariant forms, and etc. For a compact supported Qg form 
C = iCi), we can define 

Jx 

The virtual localization formula is stated as 
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Theorem 14.8. Let X he a finite dimensional virtual manifold with G = action. 
Let X be its virtual space. Let C S f2eG,c('^°) '"^'^ G ^hi'^)' ihen 

i*xa{af\C} 



X 



We explain the notations. ^ is a compact supported Qq forms in the interior of 

Jx 

is the fix locus of the action, which itself is a virtual manifold; and eciX'^) is 
the G-equivariant Euler class of the virtual normal bundle of X"-^ in X. 

14.2. Prom Fredholm systems to virtual manifolds. We start with the fol- 
lowing set-up. 

Definition 14.9. A Fredholm system consists of following data: 

(Bl) let n : J- ^ B be a Banach orbifold bundle over a Banach orbifold B; 
(B2) let S : B ^ T be a proper smooth section. In particular, the properness 

implies that M — S'~^(0) is compact; 
(B3) for any x £ M , let Lx be the linearlization of S at x 

Lx ■ T^xB ^ J~ X- 

We assume that L^ is a Fredholm operator. Let d be the index of the 
operator. 

We refer the triple (B, T , S) as a Fredholm system. M is called the moduli space 
of the system. 

A core topic in studying moduli problems is to define invariants on such a system. 
This is based on the study of M. It is well known that if Lx is surjective for all 
X G M, M is a compact smooth orbifold. Then M can be thought as a cycle in 
Hci{B) representing the Euler class of bundle T ^ B. Let a e iJ''(S,R), define 



<f («) - / 



a. 

M 

The challenging problem is to define invariants when the surjectivity of Lx fails. 
The virtual technique is introduced to deal with this situation. There are several 
different versions of this technique, however the main idea is the stabilization, which 
has become popular since 60's. Our method follows 16 closely. 

We recall stabilization for a Fredholm system. Let U be an open subset of B, 

let 

be a rank-fc vector bundle, let 

be a bundle map. Define a map 

S : Ou ^ ^u] S{u,o) = {u,S{u) + s(o)), 

where the expression is given in the form of local coordinates and S{u) + s(p) is the 
sum on fibers. By abusing the notations, we usually use S + s for S to emphasis 
that S is stabilized by s. 
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Let -^(t(,o) be the linearization of S as a map 

We say that the pair (Oj/js) stabilizes the system {B,T,S) at U if i(M,o) are 
surjective for all {u, o) € Ou- Set 

This is now a smooth manifold of dimension d+k. Clearly, M r\U QVu and 

(u, o) e M <s=> = 0. 

We now explain the existence of local stabilizations. 

Suppose Lx is not surjective for some x G M. Let be a finite dimensional 
subspace of J^^ such that 

Image(L^) + = jc^. 

For example, we may take to be the "cokernel" of L^- 

Let W be a neighborhood of x in B. In order to make notations more suggestive, 
we assume that W = Br{x) is the radius-r disk centered at x and cU^ = Bcrix) 
for c e K+. 

Wc can restate this construction by using the concept of Predholm system. Let 
o*T ^ Ou be the pull-back bundle over Ou. S then gives a canonical section 
of this bundle in an obvious way. For simplicity, we still denote the section by S. 
Therefore, we have a Fredholm system {Ou, o*!F, S). If {Ou, s) stabilzes the system 
at U, we say that {Ou,o*!F,S) stabilizes {B,T,S) at U. Vu C Ou is the moduli 
space of the new system. 

We may construct a canonical bundle o*Ou Vu, then there is a canonical sec- 
tion a : Vu — > o*Ou given by (u, o) — > (u, o, o) with respect to the local coordinates. 
Then MO U = (t^^(O). This reduces the infinite dimensional system {U,Tu,S) 
to a finite dimensional system {Vu , o*Ou, (T"). Wc call {Vu, o*Ou, c), or simply Vu, 
to be the virtual neighborhood of M at U. Bundles Ou and o*Ou are called the 
obstruction bundles. 

Suppose that J^r/x is trivialized as !Fu^ =U^ 'x J^x- We now describe the stabi- 
lization using the notations given above by setting U = U^: 

(CI) the obstruction bundle is 

Of/. = U'' X O^; 

(C2') the bundle map s = I'' : Ou= J^u^" is the standard embedding via the 
trivialization of Tu'^ given above. 

We may assume that the pair (O^/x,/^) stabilizes the system at C/^ if is 
chosen small. This explains the existence of local stabilization. The trivialization 
of Tu^ prevents us to extend the construction outside J7^. This is "taken care" by 
modifying the bundle map s as the following. Let rf be a cut-off function on 
such that 77^ = 1 in ^ and = outside (C2') is then replaced by 

(C2) the bundle map is given by = rfl^. 

Clearly, {Ou^,s^) stabilizes the system at In this paper, we always use (C2) 
to construct virtual neighborhoods. It turns out that (C2) is the key towards the 
construction of virtual orbifolds from a Fredholm system. 
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Since M is compact by our assumption, there exists finite points {xi\^^i in M 
such that 

n 

where ?7^* are as above. 
For simphcity, we set 

We caU the data {{Ui,Oi^ Si)} a local stabilization system ofU. From such a local 
stabiUzation system, one is able to construct a virtual manifold and other data that 
yield integrations on it. This is stated as 

Proposition 14.10. Let {B,J-,S) be a Fredholm system. 

(1) there exists a local stabilization system {Ui, Si,Oi}. 

(2) Let X be the natural virtual manifold for B generated by the covering {Ui\. 
Using the stabilization data given above, one is able to define a virtual 
manifold W = {W^/}; where {Wi,0*jOi,a) is a virtual neighborhood over 
Uj. Let W be the virtual space o/W. 

(3) O is a virtual bundle over W. a is a section of the bundle; 

(4) Let Qi be Thom form of Oi. All Thom forms Qj of Oi restricting on Wi 
form a Q-form. Denote the form by 9. Lf the moduli space M is compact, 
G r2e.c(VV). is an Euler class of O. 

(5) For any a G Q.*{B), let aj = ttjO on Wj. Then {aj)jcN G 51* (V). To abuse 
the notations, we still denote the form by a. 

By the proposition, we have fieio-)- Also we know that this is well defined not 
only on il*{B), but also on H*{B). If a global stabilization as in §?? exists, it is 
easy to see that 

$(a) = /10(a). 
This leads to the following definition. 

Definition 14.11. Let {B,!F,S) be a Fredholm system. Let {{Ui,Oi, Si)} be a 
local stabilization system constructed in Proposition \14. nJ[ Let yV,0 be the virtual 
manifold and obstruction form given above. For a G H*{B), define the invariants 
$(a) to be /ie(a). 

One can prove that the invariants is independent of the choice of local stabiliza- 
tion systems. 

One can further assume that the Fredholm system admits an 5^-action. Then 
we can construct a G-virtual manifold V from a local G-stabilization system. Then 
we replace 8^ by equivariant Thom forms 8f . So we have 0^'s and Oj /'s. Clearly, 
Og = {Of}/ is a = form. For any a G Vll,{B), define 

$0(0;) = /iv,eG(")- 

Now we can state the virtual localization formula for Fredholm systems. Again, 
let G = S^. We consider the Fredholm system {B,T, S) with G-action. Let V be 
the virtual orbifold for the moduli space M. Let V denote the virtual space. Then 
V'^ is the virtual orbifold for M*^ and its virtual space is V'^ . We have 
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Theorem 14.12. Let {B,T,S) be an S^-Fredholm system. For a G ^.^.{B), 

15. Local Stabilizations 

15.1. Neighborhoods in Xg,m{X, A). Let Uo G Xg,miX,A). For simplicity, we 
will drop {X, A) and write Xg, m- We describe neighborhoods of i6o. Suppose that 

Uo e X)o C Xs„, 

where jo G Ms^. Within the stratum the neighborhoods of Uo is well defined. 
Here we give an explicit construction of neighborhoods which may be generalized 

to Xs,m- 

Neighborhoods of Uq within the stratum: let ^ be a neighborhood of jo in Mg^, 
there is a trivialization of 

XV ■■= U Xj 

given by 

<P-X]o^y^ XV- 

Set Uj = <f){u,j). 

We now consider two cases with respect to whether S is stable or not. First, 
suppose that S is stable. Let t/j (uj , 5) be an 5- neighborhood of Wj in X] ■ We define 
a neighborhood of Uo in the stratum to be 

i&v 

Now if 5* is unstable. Uq may have nontrivial isotropic group Aut(Mo). Set 

Aj^ = Aut(Mo) • Uo- 

We define a normal bundle of Aj^: at Uo we use L^-norm to define a normal tangent 
space that is normal to Aj^, then define = a ■ Nu„ for u = a ■ Uq. This 
automatically define a normal bundle N over Aj^ with fiber A^„. Then take a 5-disk 
bundle A^^ of A'' and use exp mapping it to xu to get a neighborhood 

U)o{uo,5) = expA,^ Ns. 

Similarly, we do this for all Uj in X)- We put them together and get U§^{uo,5,V). 
The method provide here is standard to treat nontrivial isotropic groups. 

Next we consider "neighborhoods" of Uo in Xg,m- Recall that there is a gluing 
bundle Ls^ over Ms^ and 

which is TT*Ls^ via projection tt : xSo ~^ ^So- Let Lg^^eo be the Co-disk bundle of 
Ls„ ■ There is a gluing-surface map 

Set 

ip = gs(j,p)- 

Case 1. We now assume that jo is stable. Then gs is injective and )p is stable. On 
)p there is a map 

Wjp =Pgl(wj,P)- 
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We define a neighborhood of Uo in Xg,™. given by 

|p|<£o jey 

Case 2. Suppose that )o is not stable but gs(jo,p) is stable. The typical example 
is case (Ila) in ijl2.2l We take it as an example. To avoid too much complication 
caused by notations. We follow notations in i jl2.2l As it is explained, gs is no 
longer injective. 

The neighborhood of jo in Ms^ can be parameterized by 

where V is a neighborhood of )'^^ in its stratum, denoted by M5/ , and Dy^^ is 
a neighborhood of y^i in Si. For j = Oi,y) we write Wj to be uy^^y Note that 
gsO,p) = Set 

'^i'l.y.P = PglK;,y,/^)■ 
Hence on X)\ we get a slice 

We then give a S neighborhood of this slice: as usual we use L^-norm to get its 
normal bundle in Xj[ and then using exp we map a (S-disk on X)[ to get a neighbor- 
hood. But there is a tricky point: the L^-norm is induced from the metrics on Si 
and X , here we require the metric on Si varies as parameters y, p vary. In fact, for 
fixing y and p the metric we use is the metric on the connected sum 

We can arrange the metric varies smoothly with respect to y and p. By this way, 
we get a (5-neighborhood 

of Aj'^. Then the neighborhood of Uo is defined to be 

UuA5,eo,V) = UsSuo,5,V)\J U C/ji(A,.,<5). 

Case 3. We consider the case that jo and gs(jo,p) are both un-stable. The typical 
example is t ll2.3l The idea is a combination of case 2 and case 1 with non-trivial 
isotropic groups. We leave the construction to readers. 

15.2. Cut-off functions. On neighborhoods Uu„ [5, Eo, V), we can construct smooth 
cut-off functions easily: let /3i be a cut-off function such that (3i{t) = l,i < (5/4 
and when t > S/2; let f32 be a cut-off function such that /32{t) — l,t < eo/4 and 
when t > eo/2; let /?3 be a cut-off function on V which is supported in V/A, then 
we set a cut-off function on J7„„((5, Co, V^) as 

/?„„(exp„, C)=/3i(IICIl)/32(|p|)/33(j). 
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15.3. Obstruction bundles. For any u G Mj{X,A) C Mg^,n{X,A) we let coker„ 
be the cokernel of operator Du.f- Choose a cut-off function /? on j such that it is 
support away from nodal points and Aut(j)-invariant. For a proper choice of (3, 
namely, if the support of /3 — 1 is near nodal points, then the space 

On := /3 • coker„ 

is complement to the image of -Dm,). For any u and its neighborhood Uu{S, e, V) we 
define the local obstruction bundle 

15.4. Local stabilization. We now can follow the argument in H14I Be equipped 
with Ou^ and cut-off functions /3„^ we can construct the local stabilization at 
Uu„{S, e, V) if 6, e and V are small. 

Be precise, for small J, e and V, we can embed Ou„ into £„ properly for any 
u € C/«o(<5, e, V). Then we define the stabilized equation over Ou„ by 

SuA'u,£.) = dj^^u + /3„„(-u)^ =: {d + s„J('u,^). 

This finishes the construction of local stabilization for J\4g^m{X, A). 

Let Wu„ be the moduh space S'^^^(O). If dSuJu is surjective for any u. Then 
Wu„ is a topological orbifold. The proof is same as that in part II. In fact, we can 
parallelly copy the argument in HI 31 and show that Wu„ admits a smooth structure. 

16. Virtual structures for Mg,m{X, A) and the Gromov-Witten 

INVARIANTS 

16.1. Virtual orbifold structures on A4g,,n{X, A). As explained in H14I the 
existence of local stabilization and the compactness of Aig.m{X, A) imply that 
there is a virtual (topological) orbifold for Aig^m{X, A). We formulate notations. 
Suppose that there are n points 

A = {ui, . . . , M„} C Mg^miX, A) 

with neighborhoods [/„. (2^^, 2ei, 2Vi) such that 

n 
i=l 

Following the construction given in H14I we have a sequence of orbifolds, (which 
may not be smooth,) 

{Wl}ic{l,...,n}- 

Hence we have a virtual orbifold W given by 
The goal is to show that 

Theorem 16.1. W admits a smooth structure. Hence it can be a smooth virtual 
orbifold. 

Proof. Let 

P-Wl ^Xg,m{X,A) 

be the projection. For each Wj set 
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Then 

Wg = {Wi{^)} 

forms a smooth virtual orbifold for each S. This is due to the construction in HI 41 for 
a Fredholm system. Since we are working within a stratum, the smooth structure 
exists automatically. 

Next we show that W admits a smooth structure at Wg- For each Wj the smooth 
structure at ^/(S) is induced by gluing maps. Let £§ be the gluing bundle over 
Xs- It induces a bundle over each WO'(S), we denote the bundle by £73. Then we 
have gluing maps 

Gli,s ■■ ^ Wi. 

Note that 

itself is a smooth virtual orbifold. If Glj^s is compatible with the overlapping 
maps, then the smooth structures induced on Wj are compatible with the virtual 
structure on Wj. To be precise, this is what we mean: suppose we have I C J and 
X G Wi^j,y € Wjj with x ~ Trjj{y). We denote them by 

X = (m, oi),y = (w, 01,02). 

For any gluing parameter p we want 

(16.1) Glj,s{y,p)^Gli,g{x,02). 

To make H16.1|l available, we should require that the pre-gluing maps and right 
inverses Qx, Qy used for gluing map are same. There is no problem for the consis- 
tency of pre-gluing maps. For right inverses, this can be easily achieved as well: let 
Qifi be right inverses used for Wi{S), we can use partition of unity to reproduce a 
new group of right inverses Q'j g such that for any x and y as above 

Qx G Q/,s, Qy G Sj,s 

are equal. This allows us to give a smooth structure of W at Wg. 

As before, since the smooth structures on W induced by gluing maps from dif- 
ferent strata may be different, we should apply the technique given in Let Sq 
be the set of smallest strata, for any E> £ Sq let 

m^{Wi\p{Wi)nxs^<l)}- 

It is a smooth virtual orbifold. We may assume that 

Wg n Ws' = 0. 

Hence, 

Wso U 

still form a smooth virtual orbifold. 

Next we consider the set Si of smallest strata next to those in Sq. Then for 
§ G 5i, Ws is still a smooth virtual orbifold. However, on Wgn Ws,, they may have 
two different smooth structures due to the discrepancy of gluing maps on different 
strata. We can then apply the argument in to perturb the gluing maps on 

Ws such that its smooth structure is compatible with that induced from Wsa ■ By 
this way, we have a modified smooth structure on 

= U Ws 
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such that 

forms a smooth virtual orbifold. We continue the process, then we have a smooth 
structure on W. q.e.d. 

16.2. The Gromov-Witten invariants. For the moduli space A4g,m{X,A) we 
have constructed an associated virtual orbifold W. As explained in H14I we have a 
transition data on W 

and a 6-form 6 — (8/). 

Suppose that the virtual dimension of Mg^m{X^ A) then for any degree d form 
a on W we define the Gromov-Witten invariants to be 

In general, a is induced from forms on X (by evaluation maps) or from forms on 
Mg^m- Moreover, the invariant is independent of the construction of W. 

17. SyMPLECTIC VIRTUAL LOCALIZATION 

We now derive the symplectic virtual localization formula for Gromov-Witten 
invariants. 

Let G = act on (X, to) symplectomorphically. It then induces an action on 
Xg ^{X, A) and on A4g^rn{X, A). First we can modify the construction of virtual 
orbifold W such that it is an S'^-virtual orbifold. The forms O, 6 and a are then 
replaced by equivariant forms Q'^ , Oq and ac ■ 

Then applying the virtual localization formula for G-virtual orbifolds, we have 

Theorem 17.1. Suppose that [X^u) admits an symplectomorphic action. Then 
the virtual localization formula for Gromov- Witten invariant fig (a) is given by 

iwg("G Ag) 



IJ-doio^G) 



Here VV^ is the virtual orbifold for Mgj-^{X,A) and eclyV'^) is the equivariant 
Euler form of the normal bundle ofW^ in W. 

18. An application of the virtual localization formula 
18.1. Models Wk and their Gromov-Witten invariants. Let 

Vk = {(mi,U2,U3,U4)|w? + ul + ul + ul'' = 0} 

for fc = 1, 2, . . .. Vk contains a singularity at 0. By blowing-up at 0, we have Wk 
with an exceptional line A = P^. Wk can be given by two coordinate patches 
(ui, zi, Z2) and {x, yi, 2/2) and by a transition map between the coordinate patches. 
Here A is given by {zi = Z2 = 0} = {j/i = y2 = 0}. The transition map is given by 

zi = x^yi + xy^ 
Z2 = y2 
W — 1/x. 
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The normal bundle of A in Wk is known as 

©(-I)® 0(-l), when fc = l 
0®0{~2), k>2. 

Wk are Calabi-Yau threefolds. When k = 1, this is well-known conifold. Since A is 
extremal ray, the moduli spaces 

Mg^o{Wk,d[A]) = Mg^o{A,d[A]). 

Hence, we are allowed to define (local) Gromov-Witten invariants. When k = 1, 
the invariants on Wi is computed by Faber-Pandharipande in |7j by localization 
techniques. When k > 2, the invariants are computed by Bryan-Katz-Leung |2] by 
using deformation arguments. The results are given in the following theorem. 

Theorem 18.1 (Faber-Pandharipande, Bryan-Katz-Leung). Let Ck{g,d) be the 
Gromov-Witten invariants for moduli spaces Mgfi{Wk,d[A]). Then 

(18.1) c,M- l^'-l'*"-' 



2s -(2., -2)! 

and 

(18.2) Ck{g,d)^kCi{g,d). 

In this paper, we use the localization formula to verify H18.2II . Such a model is 
closely related to the framework of Li-Ruan's study on Gromov-Witten theory with 
respect to flops. Such a problem was first proposed and solved in 11 , and then later 
reconsidered in jj^. In jji], a computation of H18.2(l without using deformation 
is also asked. On the other hand, in orbifolds, there is a similar problem in this 
framework. It is known that the deformation technique can not be applied for 
orbifold case. Partial results have been considered in The localization technique 
would be a key to understand the orbifold Gromov-Witten invariants. These are 
the motivations for recompute (|18.2(l by using localization. 

18.2. Localization set-up. There is a T^-action on Wk given by 

{ti,t2) ■ iw,Zi,Z2) = it^W,t^Z2,t^H^''zi). 

The weights of the action is said to be (A, u, — A + ku). 

The moduli space is Aig^o{A,d[A]). The fix loci of the action in this moduli 
space are associated with graphs(^, [HI). For each graph F, we denote the fixed 
loci by Mr- The Gromov-Witten invariant is given by 



(18.3) / 1 = 



1 



where Vk is a virtual neighborhood of the moduli space A4g^o{A, d[A]) and 6* is a 
0-form constructed from cokernels. Unlike the well-known case k — 1, neither Vk 
is the moduli space, nor Vk = Vk> when k ^ k' . On Mp we have is a iC-bundle 
H" - Hi. The fiber of W,i = 0,1 over f : ^ Wk is given by H^{EJ*TWk). 
Then 

0U/^ = er(Hi), NMr^^°- 
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18.3. Proof of Theorem ll8.lL We follow the computation in 7 . We denote the 
left hand side of (|18.3(l by J, each term on right hand side by /r(A, u) and the sum 
by I{X,u). Clearly, ./ = I{X,u) implies that / is independent of choice of u. We 
will compute 

lim /(I, u). 

By the same reason as the computation in [J|, we know that 

lim /r(l,u) = 

unless r is the graph that consists of a single edge. Now let F be such a graph that 
consists of one edge. Its two ends are marked by pi and p2, the fixed point on A 
of the action, {pi is the point with w — and p2 is the other one.) Suppose the 
corresponding genus are gi, (?2 with gi + g2 = g- Such a graph is denoted by Tg-^^g^. 
Then by a direct computation, we find that 

]imlr^^^^^il,u)^kd's-%,bg,. 

Therefore, 

lim/(l,M) = A:d2s-3 ^ bg.bg, ^ kC{g,d). 
si+S2=g 

The last equation is proved in |7_. This proves the theorem. 
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